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Abstract  This paper generalizesaveraging theory to
arbitrary order by synthesizing seriesexpansionmethods
for nonlinear time-varying vector elds and their ows
with nonlinear Floquet theory. A companion paper uses
theseresults to construct exponertially stabilizing con-
trollers for underactuated nonlinear systems.

1 Intro duction

The method of averaging provides a useful means to
study the behavior of non-linear dynamical systemsun-
der periodic forcing. Sud studies are useful in the con-
trol of underactuated nonlinear systems. This paper pro-
vides a more coheren structure to the theory of aver-
aging. Our approadc consolidatesthe classicalresults of
Sandersand Verhulst [17], and Bogoliubov and Mitrop ol-
sky [13]. More importantly, we extend averaging meth-
odsto arbitrary order of approximation. As an example,
we give explicit calculations for 39 and 4" -order averag-
ing, and a generalalgorithm for calculating higher order
averages.A companion paper usestheseresults to con-
struct exponertially stabilizing feedbad controllers for
underactuated nonlinear systems[14].

Our work unites ideas from the areas of seriesexpan-
sions and averaging in the framework of nonlinear Flo-
guet theory. The seriesexpansionsused here have their
roots in the work of Magnus [18] and Chen [8]. Sub-
sequettly, Agrachev and Gamkrelidze provided a bet-
ter meansto understand the series' corvergence and
to formulate expansionsfor systematic computation [1].
Agrachev, Gamkrelidze, and Sarychev [2] have sough
to better understand nonlinear cortrol by using the se-
ries expansions. Susmannand Kaswki [10, 11, 12] have
studied the mathematical structure underlying seriesex-
pansionsand its connectionto cortrollabilit y.

We wish to further this line of work and obtain a foun-
dation for the useof seriesexpansionsand averaging for
nonlinear control. In a similar vein, Bullo [5] dewveloped
a seriesexpansionfor simple mechanical systemsunder
time-periodic kinematic motions. Martinez and Cortes
[15] extend Bullo's results to arbitrary periodic motions.

By appealing to nonlinear Floquet theory, our work
shows how seriesexpansionst within the method of av-
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eraging, and how they may be usedto obtain arbitrary

orders of approximation. Sarychev [3, 4] has considered
related problems in the area vibrational cortrol, giving

meansto use seriesexpansionsand nonlinear Floquet
theory as a foundation for averaging.

Averagingis a classicaltheory. Sandersand Verhulst [17]
give a comprehensie treatment. Note that they provide
a formula for the averageof a time-periodic vector eld

up to secondorder, and theoremsrelating the stability
of the ow of time-periodic vector elds and their aver-
aged vector eld. Bogoliubov and Mitrop olsky [13] do
likewise, however they also give a general algorithm for
the calculation of higher order averages. Guckenheimer
and Holmes [7] usethe Poincare map to prove stability
of the original o w via an analysis of the averaged o w.
Although restricted to lower order averaging, it is similar
to the technique of Sarychev.

Section 2 reviews relevant results from classicalaverag-
ing theory that are subsequetly generalized. Section 3
summarizesthe represertation of o ws and vector elds
by seriesexpansions. These expansionsare key to the
developmert of our generalizedaveragingtheory via non-
linear Floquet theory in Section 4. Section 5 discusses
the calculation of higher order averages.

2 Classical Averaging Theory

Here we review the key ideasthat will be subsequetly
generalized. The standard form of the equations of mo-
tion for averagingare,

dx X (x;t);  x(0) = Xop; (1)

dt
where X is T-periodic, i.e., X (x;t) = X (x;t+ T). The
averageof X is typically Zgiven as,

- t+T

X (x;t) = X(x; )d ; (2

t -
wherex is considered xed. Often, X ( ;t) will bewritten
as X (). The average de nes new autonomous equa-

tions,

dz -
a - X (Z)r
Averagingtheory seeksto determine conditions and de-

greeof coincidencebetweenthe o ws of (1) and (3), and

z(0) = Xo: 3)

lvia a chan&e of coordinates, the average can instead be writ-
ten: X (x;t) = OT X(x; )d .



the stability relations of these o ws.

Theorem 1 (rst
sider the initial

order averaging) [17] Con-
value problems (1) and (3) with
X;Z;Xg 2 M R"; t 2 [to;1); 2 (0; ¢o]. Supmse
that the following all hold: (1) X(x;t) is Lipschitz-
continuous in x on M, t 0, continuous in x andt on
M R*, and (2) y(t) belongsto an interior subsetof
M on the time sale . Then, x(t) y(t) = O(); as
#0 on the time sale L.

Additionally let the following conditions be met: (1) y =
0 is an asymptotically stable xed point, and (2) X is
continuously di er entiable in M, and has a domain of
attraction M M. If xg 2 M ,then, x(t) y(t) =
O(();for 0 t<1;with ()=o(d).

An asymptotically stable xed point in the averageren-
ders the approximation valid for all time.

Theorem 2 [7] Supmseinstead that X (x;t) isC", r

2, and boundad on boundal sets. If z is a hyperholic
xed point of (3), then there exists an ¢ such that for
all 2 (0; o], (1) possesses unique hyperhbolic periodic
orbit (t) =z + O( ) of the samestability type asz .

The proof is basedon the useof the averageasa Poincare
map of the actual ow. The theorem doesnot preclude
the casewhere the orbit is degenerate.

Theorem 3 [6] Assumethat the conditions of theorem
2 hold and that both X and its averageX share the same
equilibrium point. If the equilibrium point is expnen-
tially stablefor the averagal system, then likewise holds
for the original system.

First-order averagingis not always su cien t to approx-
imate the dynamics of a system. In these cases,second-
or higher-order averaging techniques are needed.

Theorem 4 (second order averaging) [17] Con-

sider the mapping,
y(t) = z(t) + w(z(t);t)
and the initial value problem

z= X2+ *Y(2)
whete, Z,

w(x;t) = X(x; ) X(x) d +ax)

Y(x;t) = DX (x;t) w(x;t) Dw(x;t) X(x);
such that a(x) makesthe time average of w(x;t) van-
ish. Supmsethat the following all hold: (1) X (x; t) has
a Lipschitz-continuous rst derivative in x and is con-
tinuous on its domain of de nition, and (2) z(t) belongs
to an interior subsetof M on the time sale . Then,
x(t) = y(t)+ O 2 ; on the time sale 1.

3 Series Expansions

In Section 4 we show that averagingtheory is a natural
consequenc®f nonlinear Floquet theory. To obtain n'" -
order approximations, a seriesdescription of ows and
vector elds will be required. The following review is a
synopsisof relevant conceptsfrom [1].

The generalform for the equations of motion are

dx

a X(x;t);  x(0) = Xo; (4)

wherex 2 R",t 2 R, X isin C! (R";R") asa function
of the x only, and is absolutely corntinuous as a function
of t only. Sometimeswe will I:yvrite Xi for X(;t). A
solution to (4) is, Fot = Id + SX Fo. d , which via
successie substitutions Zresultszin the Volterra series
t t 1
X d+ d
0 0 0

Under appropriate conditions, the seriesFq corverges
and represers the true system ow. In the autonomous
case,the Volterra seriesreducesto an exponertial

X g Z, m Z,

exp
m! 0 0

Fotr = Id+ doX , X ,+::: (5)

Xd ;

recovering the classicalnotion of an exponertial for au-
tonomous ordinary di erential equations. Similarly for
the time-dependert case,the seriesis called the chrono-
logical expnential in X [1]. It is written,

t

Xd (6)

0
The asymptotic nature of this equality is discussedin
[1]. The inverseto the chronological exponertial is the
chronological logarithm [%]; it dependson initial time, to,
t

For = e;(p

X d

to

|

log, e'xp = X¢: (7
We will use the time-independert logarithm, simply
called the logarithm, which is now reviewed.

Averaging theory seeksto nd an autonomous vector
eld that bestrepreserns the velctor eld of (4). Consider
the existenceof a vector eld V, . (X ) sud that the
asymptotic equglity holds:

t

X d = exp|\/t0;t (X ): (8)

t
A seriesexpansio?]for this vector eld exists,and assum-
ing convergenceit is called the Iogarithm, ie.,
t

exp

'\/to;t (X )=Inexp Yd: (9)
to
While the logarithm vector eld, |\/t0;t (X ), depends
on t, it is an autonomous vector eld whose ow after
unit time mapsto the samepoint that is reached by the
time-dependert ow at time t. Variation in the nal
time results in a new autonomousvector eld.

The logarithm is at the heart of a seriesexpansion ap-
proximation of the ow §&,. The logarithm vector eld

is an in nite seriesof variations , Vg";t) (X))



I b3 L
Vige (X ) = Vigr (X)
where, Z ¢ Z Z
| 1
Vgn;t) (x)=

(10)

to to to
dm:iidod;
is the mt" -variation of the identity ow correspnding to
the perturbation eld X . The integrands,v(™) (), of the
variations are the sum of iterated Lie brackets, denoted
hereby ad, and thereby naturally residewithin the space
of vector elds. The rst four integrand are given below:

V(l)( 1)= 1

v (4 5) = %adZI
v (4 5 3) = %(ad sad , 1+ adad 3 2 1)

1
V(4)( 1, 25 3, 4): 1—2(adad 4 3ad 2 1

+ adadad 4 3 » 1+ ad sadad 3 5> 1
+ad zadad 4 » 1)
By taking advantage of the Jacobi-Lie identit y, the third
and fourth variations were simpli ed to the form above.
Under the condition that the rst (m 1) elemeris of the

variations vanish, choosing only the rst non-vanishing
elemern to represen the ow gives,

Prop osmon 1 [1] If at the point x 2 R", the following
MHSV&HX)—O8 =1;::::m 1 then

Z Zt m+1 "

|
exp X d =x+V™M (X 0

to to

X Jisszm d

4 Averaging via Floquet Theory

This sectionreformulates averagingin terms of nonlinear
Floquet theory, which provides a meansto understand
the ow of (4), rewritten here,

x= X(xt); x(0)= Xo; (11)
with X, T-periodic, i.e., X (x;t) = X (X;t+ T).
Theorem 5 (Nonlinear Flo quet Thm.) Let é;t be

the ow generted by the time-periodic di er ential equa-

tion (11). If the monadramy map has a logarithm, then

the ow &, can berepresentel as a composition of ows
&t = P(t) exp(Yt), wher P is T-periodic.

Pro of: Our proof, while hinted at in [3], appears
to be original. It follows its linear counterpart. If =
t+ T, then both §; and § are owsthat dier by
an invertible mapping, , with &= &
Assume, for now, that there exists an autonomous o w
denoted by g;t equaling attime T. Consider, P (t)

o i Y- The ow, P(t), is T-periodic.

P(t+T) =

T 1 0;T o;t
g;t = P(t)

The T-periodicity of the original vector eld ensures,

deeT = b o1: implying  §r = = o7
i.e.,, isthe moncf_fejramy map of the ow. Therefore,
exp(YT) = exp o X d I Inverting via the loga-
rithm yields

y z-. I

Y = Tilne;(p X )d ; (12)
precisely the average of the T-periodic vector eld; a

connectionthat will be made more explicit later. ™

Theorem 6 If the monadramy map has a xed point,
then the actual ow has a periodic orbit whosestability
is determined by the stability of the monodramy map.

Pro of:  Stability can be found using a Poincare map
technique. From [16], the Poincare map is the mon-
odramy map. ]

This theorem implies that time-periodic elemerns may
createa stable orbit. If the monodramy map is (linearly)
asymptotically stable,then the orbit createdis (linearly)
asymptotically stable.

Corollary 1 If the ow of system(11) hasa xed point
X , as does the monadramy map, then stability of the
actual ow may be determined using the monodramy
map. In particular an (linearly) asymptotically stable
xed point for the monadramy map implies an (linearly)
asymptotically stable xed point for the actual system.

Pro of: Can be proven by appealing to the notions of
D-stability and C-stability found in Pars[9]. ™

These critical results link the stability of the averaged
systemto the stability of the original system.

Explicit calculation of the monodramy map may be dif-
cult. The stability of the monodramy map is related
to the stability of the autonomousvector eld, Y, whose
o w givesthe monodramy map.

Corollary 2 [3] The stability properties of the logarithm
of the monodramy map may be usel instead of the mon-
odramy map itself.

Commen t In the context of linear systems,the above
conclusionslead to the following well known fact for Flo-
guet theory: calculation of the Floquet multipliers is
equivalent to calculation of the Floquet exponerts.



4.1 Applied

Floquet theory is an important assetfor averaging the-

ory. Sincethe actual ow oscillates around the trajec-
tory determined by the autonomousvector eld Y, the

monodramy map givesthe turnpik e behavior of the sys-
tem [4]. To ched stability, one must calculate the mon-

odramy map or the full seriesexpansionofits logarithm.

Truncations of the seriesexpansionof the logarithm may

be su cien t, and can be thought of as partial averages
of the systemon the order of the truncation [3].

to Av eraging Theory

Let us reemphasizethat averaging theory requires the
parameter in the governing di erential equations, (1),
allowing for important proximity results and minimizing
the error when truncating a seriesexpansion.

The monodramy map is obtained from the autonomous
vector eld in Equation (12). Recall that the integrand
of the m™" variation of the identity ow, v(™ (), is given
by the sumof Lie brackets. The argumerts are rst order
homogeneousso that the parameter may be factored.
Therefore, Y will sometimesbe denoted by

X
v() = @)

=1 =1

Y = (13)

Denition 1 If the function F can be given by a series
expansion, then Truncy, (F) is a truncation of the series
of the (m + 1) and higher terms.

De nition 2 A truncated seriesexmnsion is said to be
a stabilized expansionwith respect to property P if the
inclusion of additional terms to the truncation does not
aect property P of the exmnsion, i.e., if property P
holdsfor all Truncm+k (F), k > 0, and Truncy, (F).

De nition 3 [3] A stabilized truncated series expan-
sion with respect to linear stability for vector eld (13)
is a truncated vector eld seriesthat hasthe samelinear
stability properties as the fully expanded vector eld.

Thesede nitions imply that the eigenvaluesfor various
truncations are calculated until they cannot be signif-
icantly aected by the ™*! vector eld perturbation
given by adding an extra term to the truncation. At this
stabilized truncation, linear stability can be computed
and usedto determine the linear stability of the origi-
nal system as per the previous propositions. See[3, 4]
for particular examplesinvolving matrix ODEs. For a
cortrol system, this is known as vibrational cortrol.

If a truncation has not yet stabilized, it can still be ca-
pable of approximating the actual ow. The following
theorem determinesthe interval of approximation valid-
ity. It is reminiscert of classicalaveragingtheorems,only
it holds for arbitrary truncations.

Theorem 7 The m™ -order truncation of the logarithm
of the monadramy map, denotal by Y™, gives an

(m+ 1)th -order approximation of the ow for nite time,
ie.,

exp(Yt) = exp(Y"t)+ O m* (14)

on the time sale 1.

Pro of:  The dierence in the ows can be understood
by decomposing the total logarithm into a truncation
and a truncated part, Y = Y™ + ¢, and using the vari-
ation of constarts formula on the ow,

= L Ui wherez= Y, ¥
Thusthe ow, §,, acts asa perturbation to the nal
point of the ow of the truncated vector eld. The size
of this perturbation determines how far the truncated
vector eld ow is from the actual ow usedto nd the
monodramy map. Sincethe pull-back is a linear opera-
tor, the vector eld Z will scalewith accordingto its
cortribution in ¥. By de nition ¥ hasafactor of (Mm*1)
that may be extracted. Therefore,

Z m+1 2

At this point, invoke Proposition 1 with m = 0.
z t z t
exp zd =Iid+0 ™M 2 d

to to S

By taking the maximum of B over spaceand time, one
can arrive at, 7
t

I
exp zd

to
The rest naturally follows on the time scalel. ™

m+1 tm+2

One thing to note is that the order of time may be in-
creasedat the cost of orders of approximation. For ex-
ample, choosing the time scale 172 movesthe order of
approximation to O  (M*1) =@2m+4)

5 A General Averaging Theory

This section generalizesclassical averaging theory to
higher order. Nonlinear Floquet theory decomposesthe
ow of a time-periodic systeminto a time-periodic and
autonomous o ws. Classicalhigher-order averaging the-
ory suggestghe form of the autonomousvector eld and
the compensatory periodic ow. This section use series
expansionsand the chronological calculus to construct
this ow and prove that it presenesthe order of prox-
imity of the truncated autonomous o w.

5.1 Truncations of the Flo quet mapping

It wasshown in the previous sectionthat truncations of
the autonomousFloquet o w provide approximations to
the complete ow. Hereit is likewiseshovn and argued
that one may calculate truncations of the time-periodic
mapping P (t). Recallthat P(t) is given by

P(t) & exp( Yt): (16)



Theorem 8 An mt"-order truncation of the time-
periodic Floguet mapping is of order (m + 1)-close to
the time-periodic Floguet mapping on the time sale 1.

P(t) = Truncy, (P(t)) + O ™*1

Pro of: The proof is similar to that of Theo-
rem 7. Consider the two ows & = ™+ €; and
exp( Yt)= ™+ € where ™ = Truncn, ¢§; and
M = Truncy, (exp( Yt)): Then, é;t exp( Yt) =
m4 € m + € : Expanding,
ot exp( Yt)=Truncm (™ M)+ €:

The factor ™*1 can be removed from €, ie., € =
m+1 b+ implying that,

5 exp( Yt) Truncy (™ ™) = ™ b

S
and the result follows on the time scalel. n

It is not known a priori what propertiesthe truncation of
P (t) will have, however one essetial ingredient is time-
periodicity. Therefore a realistic constraint to add to the
truncation is time-periodicity, P(t) = P(t+ T):

Corollary 3 If thetruncation Truncy, (P (t)) is periodic
with period T, and the period is on the time sale 1, the
amendal truncation is order (™*1)-closefor all time.?

Supposethat the following holds, P (t) = B(t)Pg, with
Po a time-independert transformation. It is possibleto
recover a di erent averagedvector eld from this.

Prop osition 2 If the Floguet mapping has a time-
independent bias, i.e., P(t) = B(t)Py. Then a new av-
eragal vector eld may be written Z = (Pg) V:

Pro of:  The autonomous ow is, y(t) = exp(Yt)y(0);
and the actual ow s, x(t) = P(t; y(t)) = B(t) Po(y(t)):
De ne the new variable, z(t) = Pgy(t), The ewolution of
z(t) obeysthe di erential equation,z = (Pgy) Y (z), and
the solution becomesx(t) = B(t) exp(Zt): ™

Commen t. A giveninitial condition might not be the
actual average, so one should not expect the Floquet
decomposition to result in the average. With the above
construction, this problem may be overcome.

The dewvelopmert of the vector elds and the compen-
satory o wsrequired for an averagingtheory is complete.
An m™" -order averagedsystem is described by the Flo-
guet mapping,

X(t) = Truncm 1 (P(y(t))) + O(™); (17)
and the autonomousvector eld,
|
y= Vi (X): (18)

2The corollary can be modied to get other orders of time at
the sacrice of orders of proximit y.

5.2 First and Second-Order

As a simple application, let's revisit rst order averaging.
Unlik e secondorder averaging, rst order averagingdoes
not involve a compensatory mapping. This is because,

Av eraging

Trunco (P(t)) = Trunco &, exp( Yt) = Id:

Since the compensatory mapping is the identity, the
zero-meanand T -periodicity constraints aretrivially sat-
is ed. This leavesthe %utonomousvector eld,
Y = 1=
=7,
as the only important elemen in rst-order averaging.
Floguet theory can be applied to obtain the standard
facts concerningstability of the averagevector eld ow
and its relation to the actual ow.

X d = X;

Second order averaging. The benets of the chrono-
logical calculus becomemore apparert when we recon-
struct the 2" -order averaging theorem of Sandersand
Verhulst. Truncating P (t) resultsin
t
Truncy (P (1)) = Id + X X d +0 2:
0
Sandersand Verhulst alsorequirethe o w's integral term
to have a vanishing average[17]. This is a product of
their proof technique, and relatesto the commert after
Proposition 2. Bogoliubov and Mitrop olsky [13] obtain
the sameresults, but without the integration constart.
The autonomousvector eld is,
t
X d ;X
0
The beauty of the seriesexpansionsapproach lies in the
fact that no new theoremsare needed.

5.3 Higher-order
Here, we extend averagingto 3'9- and 4" -order.

- 1
Y:X+—2
2

Av eraging

Third order averaging. The truncation of P(t) to

secondorder is, z,
Truncz (P(t)) = Id + X X d
0
L2 2 z !
4+ =2 Xsds: X Xsds;X; d
2 0 0 0
1 Zt Zt Zt
+2?% X d X d 2 X d Xt
2 0 0 0
1 27 v +2
+ - X Xt
2

This truncation is not periodic, although P(0) = P(T).
To obtain a T-periodic function, dene P( + KkT)

P( ), where 2[0;T)andk 2 Z. This must be donefor
higher-ordertruncations also. The averagedautonomous
vector eld is,

o B _—zt—#
Y=X+22 X d Xy +>T3X; X d ;X
2 0 4 0
Z Z
+%3 X ,di; X, di;X
0 0



4

t —
Trunc 3 (P (t) = I1d + X X d
0
!
1,%¢ 2 Z
+ = Xgds;X Xgds;X d
2 0 0
z # !
13 Zl zl z —_ t
+ — X d ; X gds; X d T X; X d Xt t
4 0 0 0
]
13Zl z z t t
+ — Xgds; Xgds; X X d X d Xt d
3 0 0 0
z z z
1 t t t —_ 1 E—
+ 22 x4 X d 2 'x d Xt+ - 2x x1t?
2 o0 0 0 2
-
15%¢ 2y 2 1,%¢ T
+ - X d Xgds; X d — X d X d Xt t
4 0 0 2 0 0
z, z -
1 t 1, T
_3 Xsds:X d i+ = 3% X d ;x¢ t?
2 0 4 0
z, z z -
1 t t 1 t i
+ 23 Xsds;X d x d + -3 X d ix; Xt2
4 0 0 4 0
15 %t Zt Zt o .3
+ = X d X d X d X X Xt
6 0 0 0

1. Calculate the logarithm vector eld, Truncm (Y).
2. Compute truncations of exp( Yt) and e§<p é X d
4. Usethe truncations for Trunc(, 1y (P(t)).

Table 1: Truncs (P (t)))

. M
I
t 1 _ t
2 'x d i xy o+ T3 X X d Xy
0 2 0

X 1d ;X

X d X + = 3agian]
# . #
3

WP

o
ey
x
i
a
i
b3
+
W e

X d q;a21
0 1

2 T T
— O><3d3:><2d2:><1:>< d g

2
— X d 3;X d o:x d P X
12 0o o0 0 3t s 2 2% !

1 1
— X d 2 X d ;X P X d
0 2 2 0 2 2 1 1

Table 2: Trunc4 (Y)
Fourth order averaging. The truncation of P(t) to
third order is found in table 1, and the averagedvector
eld in table 2.

A General Av eraging Algorithm Although calculat-
ing higher-order averaging expansionsis a tedious task,
there is asimple algorithm for doing so(Table 3). The al-
gorithm incorporates two dimensionsof approximation.
The rst is the truncations of the logarithm vector eld,
Truncn, (Y), which capturesthe system dynamics up to
m™" -order. The secondis the truncations of the compen-
sation map, Trunc, 1) (P(t)), which gives mt" -order
proximity betweenthe two o ws.

6 Conclusion

This paper generalizedaveragingtheory to arbitrary or-
der, giving both averaging formulas and theoremsrelat-
ing stability. While the framework can recover known
averaging results, it is restricted to smooth or analytic

vector elds. Further investigations into Volterra series

expansionscould relax this requiremert.

A companion paper usesthis theory to construct algo-
rithms for feedbad corntrol of underactuated driftless
cortrol systems. Becausethe averaged system demon-
strates linear stability, one can appeal to the averaging
stability theoremsto conclude exponertial stabilization
of the control system. The algorithm alsoworks to arbi-
trary orders of Jacobi-Lie brackets.

Table 3: Algorithm for Computing the Average
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