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Abstract This paper generalizesaveraging theory to
arbitrary order by synthesizingseriesexpansionmethods
for nonlinear time-varying vector �elds and their 
o ws
with nonlinear Floquet theory. A companion paper uses
these results to construct exponentially stabilizing con-
trollers for underactuated nonlinear systems.

1 In tro duction
The method of averaging provides a useful means to
study the behavior of non-linear dynamical systemsun-
der periodic forcing. Such studies are useful in the con-
trol of underactuatednonlinear systems.This paper pro-
vides a more coherent structure to the theory of aver-
aging. Our approach consolidatesthe classicalresults of
Sandersand Verhulst [17], and Bogoliubov and Mitrop ol-
sky [13]. More importantly , we extend averaging meth-
ods to arbitrary order of approximation. As an example,
wegiveexplicit calculations for 3r d and 4th -order averag-
ing, and a generalalgorithm for calculating higher order
averages.A companion paper usestheseresults to con-
struct exponentially stabilizing feedback controllers for
underactuated nonlinear systems[14].

Our work unites ideas from the areas of seriesexpan-
sions and averaging in the framework of nonlinear Flo-
quet theory. The seriesexpansionsusedhere have their
roots in the work of Magnus [18] and Chen [8]. Sub-
sequently , Agra�chev and Gamkrelidze provided a bet-
ter means to understand the series' convergence and
to formulate expansionsfor systematic computation [1].
Agra�chev, Gamkrelidze, and Sarychev [2] have sought
to better understand nonlinear control by using the se-
ries expansions. Susmannand Kaswki [10, 11, 12] have
studied the mathematical structure underlying seriesex-
pansionsand its connection to controllabilit y.

We wish to further this line of work and obtain a foun-
dation for the useof seriesexpansionsand averaging for
nonlinear control. In a similar vein, Bullo [5] developed
a seriesexpansion for simple mechanical systemsunder
time-periodic kinematic motions. Mart �inez and Cort �es
[15] extend Bullo's results to arbitrary periodic motions.

By appealing to nonlinear Floquet theory, our work
shows how seriesexpansions�t within the method of av-
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eraging, and how they may be used to obtain arbitrary
orders of approximation. Sarychev [3, 4] has considered
related problems in the area vibrational control, giving
means to use series expansionsand nonlinear Floquet
theory as a foundation for averaging.

Averagingis a classicaltheory. Sandersand Verhulst [17]
give a comprehensive treatment. Note that they provide
a formula for the averageof a time-periodic vector �eld
up to secondorder, and theorems relating the stabilit y
of the 
o w of time-periodic vector �elds and their aver-
aged vector �eld. Bogoliubov and Mitrop olsky [13] do
likewise,however they also give a general algorithm for
the calculation of higher order averages.Guckenheimer
and Holmes [7] use the Poincar�e map to prove stabilit y
of the original 
o w via an analysis of the averaged
o w.
Although restricted to lower order averaging,it is similar
to the technique of Sarychev.

Section 2 reviews relevant results from classicalaverag-
ing theory that are subsequently generalized. Section 3
summarizesthe representation of 
o ws and vector �elds
by seriesexpansions. These expansionsare key to the
development of our generalizedaveragingtheory via non-
linear Floquet theory in Section 4. Section 5 discusses
the calculation of higher order averages.

2 Classical Av eraging Theory

Here we review the key ideas that will be subsequently
generalized.The standard form of the equations of mo-
tion for averaging are,

dx
dt

= �X (x; t); x(0) = x0; (1)

where X is T-periodic, i.e., X (x; t) = X (x; t + T). The
averageof X is typically given as,

X (x; t) =
Z t + T

t
X (x; � ) d� ; (2)

wherex is considered�xed. Often, X (�; t) will be written
as X (�)1. The average de�nes new autonomous equa-
tions,

dz
dt

= � X (z); z(0) = x0: (3)

Averaging theory seeksto determine conditions and de-
greeof coincidencebetweenthe 
o ws of (1) and (3), and

1Via a change of coordinates, the average can instead be writ-
ten: X (x; t) =

RT
0 X (x; � ) d� .



the stabilit y relations of these 
o ws.

Theorem 1 (�rst order averaging) [17] Con-
sider the initial value problems (1) and (3) with
x; z; x0 2 M � Rn ; t 2 [t0; 1 ); � 2 (0; � 0]. Suppose
that the following all hold: (1) X (x; t) is Lipschitz-
continuous in x on M , t � 0, continuous in x and t on
M � R+ , and (2) y(t) belongs to an interior subsetof
M on the time scale 1

� . Then, x(t) � y(t) = O (� ) ; as
� # 0 on the time scale 1

� .

Additional ly let the following conditions be met: (1) y =
0 is an asymptotically stable �xed point, and (2) X is
continuously di�er entiable in M , and has a domain of
attraction M � � M . If x0 2 M � ,then, x(t) � y(t) =
O (� (� )) ; for 0 � t < 1 ; with � (� ) = o(1).

An asymptotically stable �xed point in the averageren-
ders the approximation valid for all time.

Theorem 2 [7] Supposeinstead that X (x; t) is C r , r �
2, and bounded on bounded sets. If z� is a hyperbolic
�xed point of (3), then there exists an � 0 such that for
all � 2 (0; � 0], (1) possessesa unique hyperbolic periodic
orbit 
 � (t) = z� + O (� ) of the samestability type as z� .

The proof is basedon the useof the averageasa Poincar�e
map of the actual 
o w. The theorem doesnot preclude
the casewhere the orbit is degenerate.

Theorem 3 [6] Assume that the conditions of theorem
2 hold and that both X and its averageX share the same
equilibrium point. If the equilibrium point is exponen-
tial ly stable for the averaged system, then likewise holds
for the original system.

First-order averaging is not always su�cien t to approx-
imate the dynamics of a system. In thesecases,second-
or higher-order averaging techniques are needed.

Theorem 4 (second order averaging) [17] Con-
sider the mapping,

y(t) = z(t) + �w (z(t); t)

and the initial value problem

_z = � X (z) + � 2Y (z)
where,

w(x; t) =
Z t

0

�
X (x; � ) � X (x)

�
d� + a(x)

Y(x; t) = DX (x; t) � w(x; t) � Dw(x; t) � X (x);

such that a(x) makes the time average of w(x; t) van-
ish. Suppose that the following all hold: (1) X (x; t) has
a Lipschitz-continuous �rst derivative in x and is con-
tinuous on its domain of de�nition, and (2) z(t) belongs
to an interior subsetof M on the time scale 1

� . Then,
x(t) = y(t) + O

�
� 2

�
; on the time scale 1

� .

3 Series Expansions

In Section 4 we show that averaging theory is a natural
consequenceof nonlinear Floquet theory. To obtain nth -
order approximations, a seriesdescription of 
o ws and
vector �elds will be required. The following review is a
synopsisof relevant conceptsfrom [1].

The general form for the equations of motion are

dx
dt

= X (x; t); x(0) = x0; (4)

where x 2 Rn , t 2 R, X is in C1 (Rn ; Rn ) as a function
of the x only, and is absolutely continuous as a function
of t only. Sometimeswe will write X t for X (�; t). A
solution to (4) is, F 0;t = Id +

Rt
0 X � � F0;� d� , which via

successive substitutions results in the Volterra series

F0;t = Id +
Z t

0
X � d� +

Z t

0
d� 1

Z � 1

0
d� 2 X � 1 �X � 2 + : : : (5)

Under appropriate conditions, the seriesF 0;t converges
and represents the true system
o w. In the autonomous
case,the Volterra seriesreducesto an exponential

F0;t =
1X

m =1

1
m!

� Z t

0
X � d�

� m

� exp
� Z t

0
X � d�

�
;

recovering the classicalnotion of an exponential for au-
tonomous ordinary di�eren tial equations. Similarly for
the time-dependent case,the seriesis called the chrono-
logical exponential in X � [1]. It is written,

F0;t
�= � !exp

� Z t

0
X � d�

�
: (6)

The asymptotic nature of this equality is discussedin
[1]. The inverseto the chronological exponential is the
chronological logarithm [1]; it dependson initial time, t0,

�!
logt 0

� !exp
� Z t

t 0

X � d�
�

= X t : (7)

We will use the time-independent logarithm, simply
called the logarithm, which is now reviewed.

Averaging theory seeksto �nd an autonomous vector
�eld that best represents the vector �eld of (4). Consider
the existenceof a vector �eld

�!
V t 0 ;t (X � ) such that the

asymptotic equality holds:

� !exp
Z t

t 0

X � d� �= exp
�!
V t 0 ;t (X � ) : (8)

A seriesexpansionfor this vector �eld exists, and assum-
ing convergenceit is called the logarithm, i.e.,

�!
V t 0 ;t (X � ) �= ln � !exp

Z t

t 0

Y� d� : (9)

While the logarithm vector �eld,
�!
V t 0 ;t (X � ), depends

on t, it is an autonomous vector �eld whose 
o w after
unit time maps to the samepoint that is reached by the
time-dependent 
o w at time t. Variation in the �nal
time results in a new autonomousvector �eld.

The logarithm is at the heart of a seriesexpansionap-
proximation of the 
o w � X

0;t . The logarithm vector �eld

is an in�nite seriesof variations ,
�!
V (m )

t 0 ;t (X � )



�!
V t 0 ;t (X � ) =

1X

m =1

�!
V (m )

t 0 ;t (X � ) (10)

where,
�!
V (m )

t 0 ;t (x � ) =
Z t

t 0

Z � 1

t 0

� � �
Z � m � 1

t 0

v(m ) (X � 1 ; : : : ; X � m )

d� m : : :d� 2d� 1

is the mth -variation of the identity 
ow corresponding to
the perturbation �eld X � . The integrands,v(m ) (�), of the
variations are the sum of iterated Lie brackets, denoted
hereby ad, and thereby naturally residewithin the space
of vector �elds. The �rst four integrand are given below:

v(1) (� 1) = � 1

v(2) (� 1; � 2) =
1
2

ad� 2� 1

v(3) (� 1; � 2; � 3) =
1
6

(ad � 3 ad� 2 � 1 + adad� 3 � 2 � 1)

v(4) (� 1; � 2; � 3; � 4) = �
1
12

(adad� 4 � 3 ad� 2 � 1

+ adadad� 4 � 3 � 2 � 1 + ad� 4 adad� 3 � 2 � 1

+ad � 3 adad� 4 � 2 � 1)

By taking advantage of the Jacobi-Lie identit y, the third
and fourth variations were simpli�ed to the form above.
Under the condition that the �rst (m� 1) elements of the
variations vanish, choosing only the �rst non-vanishing
element to represent the 
o w gives,

Prop osition 1 [1] If at the point x 2 Rn , the following
holds:

�!
V ( � )

t 0 ;t (X � ) = 0; 8 � = 1; : : : ; m � 1; then

� !exp
Z t

t 0

X � d� = x+
�!
V ( m )

t 0 ;t (X � )+ O

 � Z t

t 0

j jX � j js+2 m d�
� m +1

!

4 Av eraging via Flo quet Theory

This sectionreformulatesaveragingin terms of nonlinear
Floquet theory, which provides a means to understand
the 
o w of (4), rewritten here,

_x = X (x; t) ; x(0) = x0; (11)

with X , T-periodic, i.e., X (x; t) = X (x; t + T).

Theorem 5 (Nonlinear Flo quet Thm.) Let � X
0;t be

the 
ow generated by the time-periodic di�er ential equa-
tion (11). If the monodramy map has a logarithm, then
the 
ow � X

0;t can be represented as a composition of 
ows
� X

0;t = P(t) � exp(Y t), where P is T-periodic.

Pro of: Our proof, while hinted at in [3], appears
to be original. It follows its linear counterpart. If � =
t + T , then both � X

0;t and � X
0;� are 
o ws that di�er by

an invertible mapping, 	, with � X
0;t + T = � X

0;t � 	 :

Assume, for now, that there exists an autonomous 
o w
denotedby � Y

0;t equaling 	 at time T. Consider,P(t) �

� X
0;t �

�
� Y

0;t

� � 1
: The 
o w, P(t), is T-periodic.

P(t + T) = � X
0;t + T �

�
� Y

0;t + T

� � 1

= � X
0;t � � Y

0;T �
�
� Y

0;T

� � 1
�

�
� Y

0;t

� � 1

= � X
0;t �

�
� Y

0;t

� � 1
= P(t)

The T-periodicit y of the original vector �eld ensures,
� X

0;t + T = � X
0;t � � X

0;T ; implying � Y
0;T = 	 = � X

0;T ;
i.e., 	 is the monodramy map of the 
o w. Therefore,

exp(Y T) = � !exp
� RT

0 X � d�
�

: Inverting via the loga-

rithm yields

Y =
1
T

ln � !exp

 Z T

0
X (x; � ) d�

!

; (12)

precisely the average of the T-periodic vector �eld; a
connection that will be made more explicit later.

Theorem 6 If the monodramy map has a �xed point,
then the actual 
ow has a periodic orbit whosestability
is determined by the stability of the monodramy map.

Pro of: Stabilit y can be found using a Poincar�e map
technique. From [16], the Poincar�e map is the mon-
odramy map.

This theorem implies that time-periodic elements may
createa stable orbit. If the monodramy map is (linearly)
asymptotically stable, then the orbit createdis (linearly)
asymptotically stable.

Corollary 1 If the 
ow of system(11) hasa �xed point
x � , as does the monodramy map, then stability of the
actual 
ow may be determined using the monodramy
map. In particular an (linearly) asymptotically stable
�xed point for the monodramy map implies an (linearly)
asymptotically stable �xed point for the actual system.

Pro of: Can be proven by appealing to the notions of
D-stabilit y and C-stabilit y found in Pars [9].

These critical results link the stabilit y of the averaged
system to the stabilit y of the original system.

Explicit calculation of the monodramy map may be dif-
�cult. The stabilit y of the monodramy map is related
to the stabilit y of the autonomousvector �eld, Y , whose

o w givesthe monodramy map.

Corollary 2 [3] The stability properties of the logarithm
of the monodramy map may be used instead of the mon-
odramy map itself.

Commen t In the context of linear systems, the above
conclusionslead to the following well known fact for Flo-
quet theory: calculation of the Floquet multipliers is
equivalent to calculation of the Floquet exponents.



4.1 Applied to Av eraging Theory

Floquet theory is an important assetfor averaging the-
ory. Since the actual 
o w oscillates around the tra jec-
tory determined by the autonomous vector �eld Y , the
monodramy map givesthe turnpik e behavior of the sys-
tem [4]. To check stabilit y, one must calculate the mon-
odramy map or the full seriesexpansionof its logarithm.
Truncations of the seriesexpansionof the logarithm may
be su�cien t, and can be thought of as partial averages
of the system on the order of the truncation [3].

Let us reemphasizethat averaging theory requires the
parameter � in the governing di�eren tial equations, (1),
allowing for important proximit y results and minimizing
the error when truncating a seriesexpansion.

The monodramy map is obtained from the autonomous
vector �eld in Equation (12). Recall that the integrand
of the mth variation of the identit y 
o w, v(m ) (�), is given
by the sumof Lie brackets. The arguments are �rst order
homogeneousso that the parameter � may be factored.
Therefore, Y will sometimesbe denoted by

Y =
1X

� =1

Y ( � ) =
1X

� =1

� � � ( � ) (13)

De�nition 1 If the function F can be given by a series
expansion, then Truncm (F) is a truncation of the series
of the (m + 1) and higher terms.

De�nition 2 A truncated seriesexpansion is said to be
a stabilized expansionwith respect to property P if the
inclusion of additional terms to the truncation does not
a�e ct property P of the expansion, i.e., if property P
holds for all Truncm + k (F) , k > 0, and Truncm (F) .

De�nition 3 [3] A stabilized truncated series expan-
sion with respect to linear stabilit y for vector �eld (13)
is a truncated vector �eld series that has the samelinear
stability properties as the ful ly expanded vector �eld.

Thesede�nitions imply that the eigenvalues for various
truncations are calculated until they cannot be signif-
icantly a�ected by the � m +1 vector �eld perturbation
given by adding an extra term to the truncation. At this
stabilized truncation, linear stabilit y can be computed
and used to determine the linear stabilit y of the origi-
nal system as per the previous propositions. See[3, 4]
for particular examples involving matrix ODEs. For a
control system, this is known as vibrational control.

If a truncation has not yet stabilized, it can still be ca-
pable of approximating the actual 
o w. The following
theorem determinesthe interval of approximation valid-
it y. It is reminiscent of classicalaveragingtheorems,only
it holds for arbitrary truncations.

Theorem 7 The mth -order truncation of the logarithm
of the monodramy map, denoted by Y m , gives an

(m + 1)th -order approximation of the 
ow for �nite time,
i.e.,

exp(Y t) = exp(Y m t) + O
�
� m +1 �

(14)

on the time scale 1.

Pro of: The di�erence in the 
o ws can be understood
by decomposing the total logarithm into a truncation
and a truncated part, Y = Y m + eY, and using the vari-
ation of constants formula on the 
o w,

� Y
0;t = � Z

0;t � � Y m

0;t ; where Z =
�

� Y m

� t; 0

� �
eY :

Thus the 
o w, � Z
0;t , acts as a perturbation to the �nal

point of the 
o w of the truncated vector �eld. The size
of this perturbation determines how far the truncated
vector �eld 
o w is from the actual 
o w usedto �nd the
monodramy map. Since the pull-back is a linear opera-
tor, the vector �eld Z will scalewith � according to its
contribution in eY. By de�nition eY hasa factor of � (m +1)

that may be extracted. Therefore,

Z � � m +1 bZ ;

At this point, invoke Proposition 1 with m = 0.

� !exp
� Z t

t 0

Z d�
�

= Id + O
�

� m +1
Z t

t 0

�
�
�
�
�
� bZ �

�
�
�
�
�
�
s

d�
�

By taking the maximum of bZ over spaceand time, one
can arrive at,

� !exp
� Z t

t 0

Z d�
�

= Id + O
�
� m +1 tm +2 �

: (15)

The rest naturally follows on the time scale1.

One thing to note is that the order of time may be in-
creasedat the cost of orders of approximation. For ex-
ample, choosing the time scale� � 1=2 movesthe order of
approximation to O

�
� (m +1) =(2m +4)

�
.

5 A General Av eraging Theory

This section generalizesclassical averaging theory to
higher order. Nonlinear Floquet theory decomposesthe

o w of a time-periodic system into a time-periodic and
autonomous
o ws. Classicalhigher-order averaging the-
ory suggeststhe form of the autonomousvector �eld and
the compensatory periodic 
o w. This section use series
expansionsand the chronological calculus to construct
this 
o w and prove that it preserves the order of prox-
imit y of the truncated autonomous
o w.

5.1 Truncations of the Flo quet mapping

It was shown in the previous section that truncations of
the autonomousFloquet 
o w provide approximations to
the complete 
o w. Here it is likewiseshown and argued
that one may calculate truncations of the time-periodic
mapping P(t). Recall that P(t) is given by

P(t) � � X
0;t � exp(� Y t) : (16)



Theorem 8 An mth -order truncation of the time-
periodic Floquet mapping is of order (m + 1)-close to
the time-periodic Floquet mapping on the time scale 1.

P(t) = Truncm (P(t)) + O
�
� m +1 �

Pro of: The proof is similar to that of Theo-
rem 7. Consider the two 
o ws � X

0;t = � m + e� ; and

exp(� Y t) = 	 m + e	 ; where � m = Truncm
�
� X

0;t

�
and

	 m = Truncm (exp (� Y t)) : Then, � X
0;t � exp(� Y t) =�

� m + e�
�

�
�

	 m + e	
�

: Expanding,

� X
0;t � exp(� Y t) = Truncm (� m � 	 m ) + e� :

The factor � m +1 can be removed from e� , i.e., e� =
� m +1 b� ; implying that,
�
�
�
�� X

0;t � exp(� Y t) � Truncm (� m � 	 m )
�
�
�
�
s

= � m +1
�
�
�
�
�
� b�

�
�
�
�
�
�
s

;

and the result follows on the time scale1.

It is not known a priori what properties the truncation of
P(t) will have, however one essential ingredient is time-
periodicit y. Thereforea realistic constraint to add to the
truncation is time-periodicit y, P(t) = P(t + T):

Corollary 3 If the truncation Truncm (P(t)) is periodic
with period T, and the period is on the time scale 1, the
amended truncation is order � (m + 1 ) -close for all time.2

Suppose that the following holds, P(t) = eP(t)P0, with
P0 a time-independent transformation. It is possibleto
recover a di�eren t averagedvector �eld from this.

Prop osition 2 If the Floquet mapping has a time-
independent bias, i.e., P(t) = eP(t)P0. Then a new av-
eraged vector �eld may be written Z = (P0)� Y:

Pro of: The autonomous 
o w is, y(t) = exp(Y t)y(0);
and the actual 
o w is, x(t) = P(t; y(t)) = eP(t) � P0(y(t)) :
De�ne the new variable, z(t) = P0y(t), The evolution of
z(t) obeysthe di�eren tial equation, _z = (P0)� Y (z), and
the solution becomes,x(t) = eP(t) � exp(Z t):

Commen t. A given initial condition might not be the
actual average, so one should not expect the Floquet
decomposition to result in the average. With the above
construction, this problem may be overcome.

The development of the vector �elds and the compen-
satory 
o wsrequired for an averagingtheory is complete.
An mth -order averagedsystem is described by the Flo-
quet mapping,

x(t) = Truncm � 1 (P(y(t))) + O (� m ) ; (17)

and the autonomousvector �eld,

_y =
�!
V m

t 0 ;t (X ) : (18)

2The corollary can be modi�ed to get other orders of time at
the sacri�ce of orders of proximit y.

5.2 First and Second-Order Av eraging

As a simpleapplication, let's revisit �rst order averaging.
Unlike secondorder averaging, �rst order averagingdoes
not involve a compensatory mapping. This is because,

Trunc0 (P(t)) = Trunc0
�
� X

0;t � exp(� Y t)
�

= Id:

Since the compensatory mapping is the identit y, the
zero-meanand T-periodicit y constraints are trivially sat-
is�ed. This leavesthe autonomousvector �eld,

Y =
1
T

Z T

0
�X � d� = � X ;

as the only important element in �rst-order averaging.
Floquet theory can be applied to obtain the standard
facts concerningstabilit y of the averagevector �eld 
o w
and its relation to the actual 
o w.

Second order averaging. The bene�ts of the chrono-
logical calculus becomemore apparent when we recon-
struct the 2nd -order averaging theorem of Sandersand
Verhulst. Truncating P(t) results in

Trunc1 (P(t)) = Id + �
Z t

0

�
X � � X

�
d� + O

�
� 2�

:

Sandersand Verhulst alsorequire the 
o w's integral term
to have a vanishing average [17]. This is a product of
their proof technique, and relates to the comment after
Proposition 2. Bogoliubov and Mitrop olsky [13] obtain
the sameresults, but without the integration constant.
The autonomousvector �eld is,

Y = � X +
1
2

� 2
� Z t

0
X � d� ; X t

�
:

The beauty of the seriesexpansionsapproach lies in the
fact that no new theoremsare needed.

5.3 Higher-order Av eraging

Here, we extend averaging to 3r d- and 4th -order.

Third order averaging. The truncation of P(t) to
secondorder is,

Trunc2 (P (t)) = Id + �
Z t

0

�
X � � X

�
d�

+
1
2

� 2
Z t

0

 � Z �

0
X s ds ; X �

�
�

� Z t

0
X s ds ; X t

� !

d�

+
1
2

� 2
Z t

0
X � d� �

Z t

0
X � d� � � 2

Z t

0
X � d � X t

+
1
2

� 2X � X t2

This truncation is not periodic, although P(0) = P(T).
To obtain a T-periodic function, de�ne P(� + kT) �
P(� ), where� 2 [0; T) and k 2 Z. This must be donefor
higher-order truncations also. The averagedautonomous
vector �eld is,

Y = � X +
1
2

� 2
� Z t

0
X � d� ; X t

�
+

1
4

T � 3

"

X ;
� Z t

0
X � d� ; X t

� #

+
1
3

� 3
� Z �

0
X � 1 d� 1 ;

� Z �

0
X � 1 d� 1 ; X �

� �



T runc 3 ( P ( t )) = Id + �
Z t

0

�
X � � X

�
d �

+
1

2
� 2

Z t

0

 � Z �

0
X s d s ; X �

�
�

� Z �

0
X s d s ; X �

� !

d �

+
1

4
� 3

 � Z t

0
X � d � ;

Z t

0

� Z �

0
X s d s ; X �

�
d �

�
� T

"

X ;
� Z t

0
X � d � ; X t

� #

t

!

+
1

3
� 3

Z t

0

 � Z �

0
X s d s ;

� Z �

0
X s d s ; X �

��
�

� Z t

0
X � d � ;

� Z t

0
X � d � ; X t

�� !

d �

+
1

2
� 2

Z t

0
X � d � �

Z t

0
X � d � � � 2

Z t

0
X � d � � X t +

1

2
� 2 X � X t 2

+
1

4
� 3

Z t

0
X � d � �

Z t

0

� Z �

0
X s d s ; X �

�
d � �

1

2
� 2

Z t

0
X � d � �

� Z t

0
X � d � ; X t

�
t

�
1

2
� 3

Z t

0

� Z �

0
X s d s ; X �

�
d � � X t +

1

4
� 3 X �

� Z t

0
X � d � ; X t

�
t 2

+
1

4
� 3

Z t

0

� Z �

0
X s d s ; X �

�
d � �

Z t

0
X � d � +

1

4
� 3

� Z t

0
X � d � ; X t

�
� X t 2

+
1

6
� 3

� Z t

0
X � d � �

Z t

0
X � d � �

Z t

0
X � d � ; � X � X � X t 3

�

Table 1: Trunc3 (P(t)))

Y = � X +
1

2
� 2

� Z t

0
X � d � ; X t

�
+

1

4
T � 3

"

X ;
� Z t

0
X � d � ; X t

� #

+
1

3
� 3

� Z �

0
X � 1 d � 1 ;

� Z �

0
X � 1 d � 1 ; X �

��

+
1

3
� 3

� Z �

0
X � 1 d � 1 ;

� Z �

0
X � 1 d � 1 ; X �

��
+

1

3
� 3 [a 1 ; a 21 ]

+
1

3
� 3

"

a 1 ;
� Z �

0
X � 1 d � 1 ; X �

� #

+
1

3
� 3

" Z �

0
X � 1 d � 1 ; a 21

#

�
1

12
� 4

Z �

0

� Z � 1

0

� Z � 2

0
X � 3 d � 3 ; X � 2

�
d � 2 ;

h
X � 1 ; X �

i �
d � 1

�
1

12
� 4

� Z �

0

� Z � 1

0

� Z � 2

0
X � 3 d � 3 ; X � 2

�
d � 2 ; x � 1

�
d � 1 ; X �

�

�
1

12
� 4

Z �

0

� Z � 1

0
X � 2 d � 2 ;

� � Z � 1

0
X � 2 d � 2 ; X � 1

�
; X �

��
d � 1

Table 2: Trunc4 (Y )
Fourth order averaging. The truncation of P(t) to
third order is found in table 1, and the averagedvector
�eld in table 2.

A General Av eraging Algorithm Although calculat-
ing higher-order averaging expansionsis a tedious task,
there is a simplealgorithm for doing so(Table3). The al-
gorithm incorporates two dimensionsof approximation.
The �rst is the truncations of the logarithm vector �eld,
Truncm (Y ), which captures the system dynamics up to
mth -order. The secondis the truncations of the compen-
sation map, Trunc(m � 1) (P(t)) , which gives mth -order
proximit y betweenthe two 
o ws.

6 Conclusion

This paper generalizedaveragingtheory to arbitrary or-
der, giving both averaging formulas and theoremsrelat-
ing stabilit y. While the framework can recover known
averaging results, it is restricted to smooth or analytic
vector �elds. Further investigations into Volterra series
expansionscould relax this requirement.

A companion paper usesthis theory to construct algo-
rithms for feedback control of underactuated driftless
control systems. Becausethe averagedsystem demon-
strates linear stabilit y, one can appeal to the averaging
stabilit y theorems to conclude exponential stabilization
of the control system. The algorithm alsoworks to arbi-
trary orders of Jacobi-Lie brackets.

1. Calculate the logarithm vector �eld, Truncm (Y ).

2. Compute truncations of exp(� Y t) and � !exp
� Rt

0 X � d�
�

.

4. Use the truncations for Trunc(m � 1) (P(t)) .

Table 3: Algorithm for Computing the Average
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