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Abstract. We followup on a suggestionfrom Bullo and
Lewis [1] concerningthe importanceof geometrichomo-
geneityfor mechanicakystemslt is showvn thatcontrollabil-
ity resultsfor alarge classof mechanicabystemswith drift
canberecoveredby consideringa classof nonlineardynam-
ical systemssatisfyingcertainhomogeneityconditions.

1 Intr oduction

Mechanicalcontrol systemdorm a large andimportantsub-
classof nonlinearcontrol systems. Besidestheir practical
utility, mechanicabystemsalso have inherentstructurethat
simpli es theiranalysis.Determiningcontrollability for non-
linear controlsystemss in generalquite dif cult. Sussmann
[2] providessufcient conditionsto determinesmall-timelo-
cal controllability, however thereis factorial growth in the
numberof elementsto test. Lewis and Murray [3] shoved
how theafne connectiordescriptionof mechanicakystems
prunesthe testsfound in [2] for the particularcaseof con-
guration controllability. Their work is appliedto simple
medanical systemswhich arecharacterizethy Lagrangians
with kinetic andpotentialenegy termsonly; constraintsnay
beincluded. In [1], Bullo and Lewis demonstrateghat ge-
ometrichomogeneityis behindmuch of the simpli cations.
They furtherarguedthatgeometrichomogeneityshouldbe a
fruitful avenueof furtherstudyfor nonlinearcontrolsystems.
Thisis especiallytruegiventhatanalogousontrollability re-
sultshave subsequentlpeenfoundto hold for alternatve ap-
proachego mechanicakontrol systemg4, 5, 6]. This pa-
per developsthe conceptof geometrichomogeneityfor vec-
tor bundlesanddemonstrateBow geometrichomogeneityis
theconnectindink to all of theseseeminglyrelatedresults.

Section2 reviews anddevelopshomogeneityfor application
to homaeneouscontwol systems Thesemethodsare used
to extendthe con guration controllability theoremsf Lewis

andMurrayto agenericvectorbundlein Section3. Thesere-
sultsareappliedin Sectiord to variouscontrolsytemsevolv-

ing onvectorbundles.As all of theinstancehiave beenstud-
ied in the literature, the analysisdemonstratetiow they all

may be placedwithin acommonframework.

2 GeometricHomogeneityand Vector Bundles

Geometrichomogeneityhasbeenusedin variousstudiesof
nonlineardynamicsandcontrol. Controllability resultsoften
usedilations[2, 7]. Mc'Closkey and Morin [8] usehomo-
geneityto obtainstabilizingcontrollersfor certainnonlinear
systemswith drift. Crampin[9] useshomogeneityto study
the geometryof LagrangiarsystemsWe seekto developthe
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relevantideasconcerninggeometrichomogeneityin a more
systematienannerWe rst review relevantconceptandter
minologyfrom differentialgeometry[10].

Vector Bundles. A (differentiable)bre bundle(Q; ;M;F)
consistsof: (1) a differentiablemanifold Q called the total
space(con guration space),(2) differentiablemanifold M

called the basespace,(3) differentiablemanifold F called
the bre, and(4) asurjection : Q — M calledthe projec-
tion, togetherwith compatibility conditionsthat will not be

discussed. The bre F is diffeomorphicto ~!(q), where
g € M. Givena bre bundle : Q — M, a section
: M — Q isasmoothmapsatisfying o = id,;. The

spacede ned by the collection of all sectionson the ber
bundleQ is denotedby ( Q). Itisitselfa ber bundle.

A vectorbundle(E; ;M;V) is ber bundlewhosetypical
ber is avectorspace.Givenavectorbundle :E — M,
the zeo section denotedby , is a smoothmappingwhich
mapspointsin thebasespaceo thezerovector,

o(X) =0, €E,; VXeEM:

As a vectorspace the imageof the zerosectionM x {0}
is isomorphicto thethe basespaceM . The manifold struc-
tureof E is obtainedirom local charts(U; ), whicharealso
calledlocal trivializations In alocaltrivialization,thevector
bundleis a direct productspace, (U) ¢ M x V. Often,
whengiving coordinaterepresentationsye will simply refer
to alocaltrivializationas = M x V.

If two bundlessharethe samebasespaceM = M; = My,
they may be composedria the ber product, denotedx ,,,
to form anew bundleQ; x »; Q». Let vectorbundlesE; and
E, have acommonbasespace.Their ber product,Whitney
sumisdenotedE; ©E,. In alocaltrivialization,theWhitney
sumis,E1 ®E> =M x Vi x Vs.

Let thetangentspace,TM, to M, have the local trivializa-
tion, TM 2 M x W, whereW modelsthetangentber of
M. The ber of the tangentspaceto a vectorspacecanbe
modelledby the vectorspaceitself, TV &V x V. Thelo-
cal trivialization to the tangentspaceT E, canbe given by,
TE =M xV xW xV,whereM x V representthevector
bundle,andW x V representshetangentber to thevector
bundle. The trivialization suggestdwo projectionoperators
forTE, ;and ,. Theoperator 5 is only locally de ned (it
dependwn thelocal trivialization). In a local trivialization,
1 and , operateasfollows,

(g;u; w; 0); and
(g; u; O; v):

1(g; u; w; v)
2(0f; u; w; v)

LocaIIy, 1= IdTE — o

@)



GeometricHomogeneity Muchof theterminologyconcern-
ing geometrichomogeneitycan be foundin Crampin[9] or

Kawski [7]. Geometrichomogeneityis de ned usingthe di-

lation operator ;, which dilatesthe vector ber,

tE—E; (xu)—(x;€eu): 2

Thedilation operatorsatis es( ) = ;. Correspondingo
thedilation is its in nitesimal generator , avector eld on
E. In alocaltrivialization,thegeneratois,

-, @

An alternatie to the dilation operatorexchangeshe additive
propertyof thedilation with a multiplicative one,

(x; u) — (x;cu) 4)

Ourworkingde nition of homogeneityollows.

c= ln(c)E_>E!

De nition 1 A mappingbetweerbundles : E; — Es is

homogeneousf orderpif o ;= p 0

Thetwo bundlesneednot have the samebasenor ber. We
assumeahat is asmoothfunctionde ned over E, andthat
all vectorbundlesare nite dimensional.Below, E; andE,
arevectorbundles.

Proposition1 [11] All smoothfunctions, : E; — Es of
homaeneou®rder 0 are equivalento mappingsof thezemo-
sectiononE; into E».

Proposition2 [10] Theonly smoothfunctions, : E; —
E, of homa@eneouorder —p for p > 0 are mappingof the
ze sectionon E; to thezeo-sectionon E .

Proposition3 [11] If :E; — Esishomaeneousforder
p > 1,then evaluatedon the zeio sectionof E; resultsin
thezeo sectionof Es.

Note that con guration controllability evaluationsare made
aroundthe zerosectionof a vectorbundle;the abose homo-
geneityresultswill allow certainvector elds to beignored.
This is preciselyhow Lewis andMurray [3] achiezeda sim-
pli cation of Sussmanrs controllability theorem.

The TangentBundle and Vector Fields. We focusnow on
the geometrichomogeneitypropertiesof the tangentbundle
TE, andof the spaceof vector elds X(E). Usingthe pro-
jectionoperatorthereis a naturalnotion of vertical for TE.

De nition 2 Theverticalbundleover E, denotecby VE, is
thesublundleof TE givenby theunionof T ~1(0,) for all
g € Q. Avectorin TE is verticalif it liesin thekernelof T .

De nition 3 Thee is a canonical isomorphismbetween
E x E andVE, calledtheverticallift. It is givenby,

iz 4 (Uz+tv,); uveE: (5)
dt|,_,

A complementaryorizontalsublundlecanbede ned using
aconnectiorform, alsocalledan Ehresmanrconnection

De nition 4 AnEhresmanmonnection A, is a vertical val-
uedoneform ona manifoldQ that satis es,

1. A, :T,Q — V,Qisalinearmapfor eac pointqg € Q.
2. Alisaprojection, Ao A = A.

The horizontal sublundle HE is equalto the kernel of the
Ehresmanrconnection.The naturalprojectionoperator o,
locally de nesatrivial connectioron TE.

AT TE - VE; A= (6)
This locally de ned trivial connectionwill be evaluatedon
the zerosectionaccordingto thelocal controllability teststo
be de ned. Horizontalvectorsareisomorphicto vectorson
thetangenbundleof thebasespacevia thebundleprojection,
T .

De nition 5 Thevertical subspaceY" (E) c X(E), con-
sistsof all vector elds thatare vertical for all pointsin E.
Proposition4 If X;Y € XV(E), then[X;Y] € XV (E).
Thenotionof homogeneityextendsto vector elds via

De nition 6 Avectoreld X € X(E) is saidto behomoge-
neousof orderpif,[ ;X]= pX,forp> —2.

Underthetrivial splitting of vector elds into horizontaland
vertical,thedilation vector eld hasthefollowing properties,

Proposition5 [11] Let bethein nitesimal genertor cor-
respondingto the dilation action, ;. Givena vector eld
X € X(E), thefollowing propertieshold:

1. [ ;X *]ishorizontal,and

2. [ ;X V] isvertical,
for the trivial decompositionX = X7 + XV, of X into
horizontalandvertical componentsespectively

Proposition6 GivenX;Y € X(E) hom@eneou®forderp
andgq, respectively{X ; Y] is homaeneouoforderp + q.

Proposition7 [11] Anymapping : E — E preservinghe
basei.e., = o ,andhomaeneousforderp, losesone
degree of homaeneitywhenlifted via Eq. (5), i.e.,, ' is
homaeneouforderp — 1.

Corollary 1 Givena sectionof the vectorbundleE, its ver
tical lift is homayeneousf order —1.
As statednext, the corverseto the corollaryalsoholds.

Proposition8 [9] All vector elds of homageneourder —1
arethevertical lift of a sectionof E.

Proposition9 [11] Usingthe trivial horizontalconnection,
the decompositiorf thevector eld X = X 7 + XV of ho-
mageneousrder p hasthe following properties:

1. X # isin 1-1 correspondencaithY € C*(E;TM)
wherY is homaeneouf orderp.

2. XV isin 1-1 correspondancavith ift, whee ¢
C (E;E) is homaeneousforderp+ 1.

Thisis analogougo thediscussiorfollowing Eq. (3.1)in [1].
Corollary 2 For X; Y € X(E) verticallifts, [X;Y] = 0.

The Jacobiidentity implies a symmetry of the following
bracletconstruction.

Corollary 3 If X;Y € X(E) are verticallifts, then
DXL Y=Y X, forany € X(E).

Via Corollary 3, the(2,1)-tensof-;[ ;-]] maybeusedto de-
ne asymmetricproductfor lifted vector elds.



De nition 7 The symmetricproductof lifted vector elds
usingthevectoreld € X(E) isde nedtobe

(X oY) =LY
whee X ;Y € X(E) lifted vector elds.

We will simplywrite (X : Y ) withoutreferenceo thevec-

tor eld whenthecontet is clear The symmetricprod-

uctwasoriginally dervedandde ned usingthe Riemmanian
or afne connectionstructureof simple mechanicakystems
[12, 3], andis known to be derivable from the description
above. The symmetricproduct,therefore,canbe usedin a

more generalsetting. Whatis critical to simplemedanical

systemss not the symmetrigproductalong but the homae-

neousstructure implied by the Lagrangian framewvork from

which sudh systemsre derived The homogeneoustructure
will imply thatit is only Jacobi-Liebraclets with a struc-
turesimilar to theoneabove thatwill beimportantfrom both

controltheoreticanddynamicalsystemgerspecties. Thisis

mademoreexplicit throughthe useof a gradation.

Gradations of HomogeneousspacesDe ne thevectorsub-
bundleof homogeneousrderk to be

P ={X € X(E) | X is of homogeneoudegreek: } :

Propositiong and6 imply that: (1) [P;; P;] C P;+;; and(2)
Pr = {0}; Vk < —1. Accordingly, we may de ne the
following unionof homogeneouspaces,
which inherit the propertiesof its constitutve sets, (1)
M M;] € Mgy, and(2) M; = {0} ; Vi< -1 1t
canbe seenthat M_; = P_;, meaningthatit is the most
"basic” nontrivial space.Consequentlythe spacesM, form
a gradation. For the systemshat we will study the vector
eld is restrictedto not exceedhomogeneousrderl, e.g.
€ M;j. Therefore,( X lift : Y“ft>F € M_, is again
a lifted vector eld. Most importantly this implies that the
symmetricproductcommuteswith otherlifted vector elds.

De nition 8 A nonlinearcontrol systenwith drift is calleda
1-homogeneousontrol systemif the drift vector eld is an
elemeniof M; andthe contol vector elds are elementf
M_;.

3 Control of Dynamical Systems

This coresectionof the paperdevelopsthe maincontrollabil-
ity resultsfor 1-homogeneousystems.We rst review ba-
sic de nitions for controllability of nonlinearaf ne control
systemsaswell asfree Lie andsymmetricalgebras.Subse-
guently the con guration controllability theoremsanalogous
to thoseof Lewis andMurray [3] arepresented.

We focuson nonlinearcontrolsystemsn af ne controlform,

z=f(2) + gu(2)u’(t); (8)
wheref € X(E) is thedrift vector eld andtheg, € X(E)
arecontpol vector elds. Thevariablez evolvesonthevector
bundleE, andtherearem systeminputs,a = 1:::m. The
controlinputsu® arepieceaviseconstant.

De nition 9 Thesysten(8) s controllableif for anyzy; z;
E, there existsadmissableontolsu®(t) sudthatthesystem
evolvingvia (8) andstartingat z, readeszy in nite time.

Let RY(zy; T) denotethesetof reachablgointsin E attime
T > 0, startingat point z, and using admissablecontrols,
u®(t), suchthatthe trajectoriesremainin the neighborhood
U ofzyforallt <T.Dene,

RY (20) = [

) R ©

De nition 10 Thenonlinearcontmol systen(8) is locally ac-
cessiblef for all z € E, RY¥(z) containsa non-emptyopen
subsedfE forall T > OandU C E.

De nition 11 A systen(8) is small-timelocally controllable
(STLC)atz, if it islocally accessiblat zy andif there exists
aT > 0sud thatz, is in theinterior of RV (z,) for every
neighborhoodJ of zy and0 < t < T. If this holdsfor any
z € E, thesystemnis small-timelocally controllable

Con guration Controllability. If oneis only interestedn
controlof thebasespaceM , andnot of thevector ber, then
only con guration contrwllability of the systemis needed,
wherethecon gurationsareelement®f M . Let RCY (xo; T)
denotethe setof reachableon gurationsin M attime T >
0, startingat point0,,, € E andusingadmissableontrols,
u®(t), suchthatthe trajectoriesremainin the neighborhood
U of xo forallt < T. De ne,

U [ U
RCT (Xo) = T’RC (Xo;t) (10)

0t
De nition 12 [3] Asysten(8)islocally con gurationacces-
sibleatx, € M if ther existsa T > 0 sud that RCY (xo)
containsa non-emptyopensetof M for all neighborhood®)
of Xxp andall 0 <t < T. If thisholdsfor anyxy € M, then
thesystenis locally con gurationaccessible

De nition 13 [3] A systen(8) is small-timelocally con gu-
rationcontrollable(STLCC)atXxq if it islocally con guration
accessiblat xg andif there existsa T > 0 sud thatxg isin
theinterior of RCY (x,) for everyneighborhoodJ of x, and
0 <t <T. If thisholdsfor anyx € M, thenthe systenis
calledsmall-timelocally con guration controllable

De nition 14 TheequilibriumsubspacgE C E, of system
(8) consistsof the elementsof the zeo sectionof E whee
z=0.

De nition 15 [3] A system(8) is equilibriumcontrollableif,
for z;;z, € E, ther existsa solution(c;u) of (8) wheec :
[0;T] — Qissuchthatc(0) = (z1),¢(T) = (z2), and
bothc/(0) = ¢/(T) = 0.

The remainingsubsectionslevelop sufcient conditionsfor
STLCCin our extendechomogeneousontext.

3.1 Con guration Controllability revisited

Here,we extendthework of [3] from simplemechanicaton-
trol systemgo thebroadercontext of 1-homogeneousontrol
systems.Theresultingconditionsapply to anenlagedclass
of systemsandreproducamary known resultson controlla-
bility of mechanicabr nonlinearaf ne controlsystemsThe
contentandstructurefoundin Sussmanti2], andLewis and
Murray [3], is assumedamiliarto thereader We developour
ideasusingthe samelanguageandconstruction.

Thestandardcontrolform will berewritten as,

z= Xg+ Y (2)u* (11)



whereX s € X(E) is the drift vector eld, the Y!iff ¢
X(E) are control vector elds, andthe u® are inputs, for
a = 1:::m. Thevector elds mustobey the1-homogeneity
requirementsWe considerthecaseX s € P; ® P_y C My,
which coverssimplemechanicabystemsplusadditionalme-
chanicalsystems. ConsequentlyX s canbewritter? as,

Xg= -2 (12)

where € P, andZ'* € P_;. The controlvector elds
mustsatisfyY it € P_;, asimplied by thefactthatthey are
lifts.

In whatfollowswe will relatethe controlsystem(11)to free
Lie algebras.Sussmanis work hasdemonstratethat much
progresanbe achievedby examininganalgebraicabstrac-
tion of the control system. By placingthe two descriptions
in bijective correspondanc@ropertiesof thefreelLie algebra
translateto propertiesof the original control system. Geo-
metrichomogeneityts within this algebraicrealization;we
needonly examinehow bracleting affectsthe homogeneous
orderof elementof freeLie algebras.

Free Lie algebras. Consider a nite set X =
notedL (X), is theinvolutive closureof X underJacobi-Lie
braclets. Denoteby Br(X) the subsetof L (X) containing
only products(i.e. braclets)of elementsin X; this subset
will generatd (X) asaR-vectorspacgseeProp.10). Con-
sequentlywe needonly considerthe generatingset, B r (X)
insteadof thefull setL (X).

For eachelementB € Br(X), let ,(X) bethe numberof

degreeof B, denoted (B), is thesumof the ,'s: (B) =
o(B) + Ziz:l «(B). Therelativedegreg denotedby (),
is the differencebetween o andthe sumof the ,'sfor a =

1:::1:(B) = o(B) =L, 4(B).

Proposition 10 [3] Everyelementbf L(X) is a linear com-
binationof repeatedracketsof theform,

X s X g1 [ X2y X ] 2220

Connectionto Vector Fields. A family of vector elds onthe
manifoldQ is asubsety c X(Q). Thefamily maybeused
to de ne adistributionon Q,

Dy(x) = spark {X (x) | X €V} (13)

ThesmallestLie subalgebraf the Lie algebra X' (Q), is the
setof vector elds on Q generatedy repeated.ie braclets
of elementsn V. ThisLie subalgebrawhichwill beusedfor
small-timecontrollability results,is generatedby thefreeLie
algebragpreviously described.

Let X andV bein bijective correspondencea thebijection,

: X — V. A Lie algebrahomomorphisnbetweenL (X)
andX'(Q),isde nedbyEv( ) : L(X) — X(Q),

Ev( ), U1 ®---®Uug+— (uy)- - (ug); (14)

wheretheproducts; , correspondo Jacobi-Liebraclkets. The
smallestLie subalgebraf X'(Q) containingV, is theimage

1Thefull caseX s € My canbefoundin [11].
2Theminussignin X s = I — 2t s anartifact of the simplemechan-
ical systemgaradigmandcomesfrom the EulerLagrangeequations.

of Ev( ) (L (X)), which shallbe denoted_ie(V) andcalled
theinvolutiveclosure of .

When evaluatedat a point, ¢ € Q, the homomorphism
Ev,( ) mapsL (X) into T,Q. The Lie algebrarank condi-
tion (LARC) atq s satis edf,

Eve( ) (L(X)) = T,Q;
or, equivalently,

rank(Lie(V)) = dim Q;
for

to determindocal accessibilityfrom which small-timelocal
controllability may follow under additional requirements.
Theconditionstill appliesif Q is thevectorbundleE.

Properties of and Computations with the FreeLie Alge-
bra. The setsthat are typically placedinto bijective cor
respondencare X’ and)’ =
(11). The bijection will take X} to Xg € Mj, and X,
to Y ¢ M_;, a = 1:::m. Instead,decomposehe
drift X g into its two homogeneousomponentskEq. (12).
The setsin bijective correspondencevill be X andV =
}. Now, X, will mapto € Py,
andthe X , will mapto Y i fora= 1:::m, andX,,, 1 will
mapto Z 't all elementff P_;. Thelink betweerthetwo
sets, X andX’, will bediscussedhortly.

De ne thefollowing notation,
Br¥(X) = {BeBr(X)| (B)=k}

Bry(X) = {B €Br(X)|(B) = k}:

Br*(X) is the setof elementsin Br(X) whosedegreeis
k, whereasBr(X) is the setof elementsn Br(X) whose
relative degreeis K.

De nition 16 [3] Let B € Bro(X)UBr_1(X) and let
B1; Bo; Bi1; Bio; Bar; Bog; ::i: bethe componende-
compositiorof B. We shall saythat B is primitive if ead of
its componentssin Br _1(X) JBro(X) U { Xo }

Someobsenationsmay be madeaboutprimitive braclets.

Obsewation1 [3] If B € Br_; is primitive, then, up to
sign,we maywrite B = [B1;Bs] withB; € Br_;(X) and
B, € BTQ(X)

Observation 2 [3] If B € Bry(X) is primitive, then,up to
sign,B mayhaveoneoftwoforms.EitherB = [X(; B 1] with
B, € Br_i(X) primitive, or B = [B1;B3] withB;;B, €
Bro(X) primitive.

Lemmal [3] Let usimposethe condition on elementsof
Br(X) that we shall considera bradket to be zep if any
of its componentsare in Br_;(X) forj > 2. LetB ¢
Bro(X) UBr_1(X). ThenB is the nite sumof primitive
bradkets.

Observation 3 [11] If B € Bry(X), thenB maybewritten
as[Xp; B1], with B, € Br_;(X), or asthesumof repeated
bradketsof sud forms,i.e., elementshatlook like

[Cii[Cizi; [ [CosChl il

wheietheC; € Bry(X) are, upto sign,oftheform[X ¢; C;1]
with Cih € Bl',l(X).



The setX, underthe evaluationmapEv (-), doesnot corre-
spondto the vector elds foundin equation(11); the proper
setto useis X’'. A methodto equatean elementof Br(X')

to elementof B r(X) mustbegiven. Thiswill requirede n-

ing themapping andthesetS(:) c Br(X). Supposehat
B’ € Br(X'), thengiventhat X mapsontoX’, it is possible
to write B’ asa R-linear sumof elementsn Br(X). These
primitive elementsle ne thesetS(B’).

Lemma?2 [3] Themapping :Br(X’) — L(X) s,

(B)= Y (-1’ ®B; forB’ € Br(X'):
BeS(BY)

Intuitively, the elementB’ € Br(X') is corvertedto a sum
of elementsin Br(X) by replacingX | with Xo — X, 41
and equatingX . with X, for a = 1:::m, thenusingthe
multi-linearity of the iteratedJacobi-Liebraclet to obtaina
sumof Jacobi-Liebraclets,which comprisethesetS(B’) C
Br(X). A simpleexampleis thefollowing,

X1 X0 Xall= X1 [Xo = Xop1: X2l
= [ X [Xos Xoll = [X 15 [Xoma1; X2]]

The two iterated Jacobi-Lie braclets, [X 1;[X; X2]] and
[X1; X ma1; X2]], form thesetS(B’), wherethesignof their
contritutionis relatedto thedegree ,,,+1(-).

Free Symmetric algebras. Considerthe nite setY =
The free symmetric algebra, denoted
S(Y), generatedby Y is the closureunderthe symmetric

product,

(Xa t Xp)=[Xp; Xo; Xoll; (15)
Denoteby Pr(Y) thesubsebf S(Y) containingonly prod-
ucts(i.e. symmetricproducts)of elementsn Y. Let ,(X)

occursin P € Pr(Y). Thedeggreeof P € Pr(Y) denoted
(), is the sumof the 's, (P) = 2't1 ,(P), where
Xo € Xmapsto € X(E) under .

ThesetY will bebijectiveto y = {
via the bijection : Y — ). Thebijection maybe ex-
tendednaturally to obtaina homomorphisnmfrom S(Y) to
X(E). Whenevaluatedor P € S(Y), atapointx € E, the
mapthatresultsdenotecby Ev( ), is

Ev.( )(P) = (Ev( )(P)) (x): (16)

Consequentljthesymmetriclosue maybede nedto bethe
imageunderthe freesymmetricalgebra,

SymY) = Im (Ev( )(S(Y))) : 17

Propertiesof and Computations with the FreeSymmetric

Algebra The setusedto createthe free symmetricalgebra,
Y, is really asubsebf X, the setusedto createthefreeLie

algebraBy de nition of theproductusedn thefreesymmet-
ric algebrajts propertiegranslateo theappropriatesubsebf

thefreelLie algebra.

Observation 4 [11] Supposéhat B is a primitive. If B €
Br_1(X), thenB € S(Y).

This obsenationis analogouso Lemmab.6 part (i) of [3].
3.1.1 FreeAlgebras and Homogeneity: Herewe re-

latethe algebraigropertyof relative degreeto geometricho-
mogeneityandexaminethe consequences.

Lemma 3 [11] Letl > 1 beanintegerandletB € Br,;(X).
ThenEv( )(B)(0,) = Oforallge Q.

Proof: Therelative degreegivesthehomogeneousrderof
theresultingvector eld. Whenevaluatedbnthezerosection,
homogeneityof orderl > 1 impliesthattheresultis thezero
vector, c.f. Proposition3. ™

Lemma4 Letl > 2 beaninteger, andlet B € Br_;(X).
ThenEv( )(B) = 0.

Proof: Forl| > 2, the spaceonly containsthe zerovector
eld, c.f. Propositior2. ™

The homogeneoustructureof the nonlinearsystemimplies
that only the braclketsthatresidein Py & P_; whenevalu-
atedon the zerosectionof E, will give contritutionsto the
controllableLie subalgebraThehomogeneoustructurealso
implies that the braclets of P_; will be vertical elements,
andthe bracletsof P, evaluatedon the zerosectionwill be
horizontalelementsusingthetrivial connection.

3.1.2 STLC in the algebraicsense: In orderto deter
mine STLC usingthe Lie algebrarank condition, Sussmann
neededhenotionof agoodandabadbraclet.

De nition 17 [2] AnelemenB € Br(X) is called badif
«(B)isevenforalla= 1:::m,andif ¢(B)isodd.If B is
notbad,thenit is good

In addition,Sussmanuuitilized the permutatiorgroupS,,,, of
permutationsisingm symbols.An element € S,, takesthe
m elementsX, € X, andmapsthemto X ;(,) € X. Theset
of all possiblepermutationsanbe usedto de ne a braclet
permutation, : Br(X) — Br(X) for B € Br(X).

(B)= > (B)
gESm

Sussmars generaderivation,relying onthestandardorm of
thenonlinearcontrolequation(8), culminatedn thetheorem,

Theorem1 [2] Let
sendingX, tof and X, to g, fora = 1:::m. Suppose
that (8) is sud that everybad bracket B € Br(X) hasthe
propertythat

k
Ev.( ) ( (B) = D «Evo()(Cu);
a=1

whee C, are goodbrad<etsiniBr(X) of lower dggreethan
B and * € Rfora= 1:::k. Alsosupposehat (8) satis es
theLARCat z. Then(8)is STLCat z.

Lewis examinedthe structureof simple mechanicakystems
to re ne thisideafor con guration controllability. In partic-
ular, only the bracletsin the homogeneouspaceBr _;(X)
canresultin badbraclets. The searchfor badbracletsis re-
ducedto examinationof the symmetricproductsonly. De ne

De nition 18 AnelemenP € Pr(Y) iscalledbadif ,(P)
isevenforeacha = 1:::m. If P is notbadthenit is good

Theorem 2 [3] Considerthe bijection : Y — ), which
sendsX, toY /[ fora= 1:::m,andX;;; toZ". Suppose
that (11) is sudh that every bad symmetricproductin P €
Pr(Y) hasthepropertythat

k
Evo, ( )( (P)) = Y aEvo, ( )(Ca)

a=1

(18)



whete C, are good symmetricproductsin Pr(Y) of lower

that(11)is locally con gurationaccessiblatx. Then(11)is
STLCCatx.

This theoremwas proven for the casethatE = TQ, and
is precisely the theoremthat will be recreatedfor a 1-
homogeneougontrol systemevolving on a genericvector
bundle Con guration controllability will imply controllabil-
ity of thebasespaceM , of thevectorbundle,E.

3.2 Conditions for Con guration Controllability

Up to this point, we have given and proven the analogous
theoremsderived in [3] for use within the context of 1-
homogeneousontrol sytems.Consequentlyall of the theo-
remsconcerningcon guration controllability may now hold
for thesehomogeneousontrol sytemswithout modi cation
of the proofsfrom Lewis and Murray [3]. As con guration
controllability analysisoccurson the zerosectionof TE, we
needsomepreliminaryresultscharacterizinghezerosection.

Lemmab Letx € M. Then,

Dm(v)(om) Vo, E = Dmy)(ow)§ and

Diie(v)(02) MHo, E = Digg(qr syriga)]) (Ox)
Lemmab allows usto comparetheinvolutive closuresonthe
right handsidewith the horizontalandvertical distributions
of the trivial connectionto come up with equialent state-
mentsfor the free Lie algebra,L (X). In the presenceof a
norvanishingpotential,additionalwork is neededo demon-
stratethatthe Lie algebral (X') is representetyy L (X), or
equialently Br(X’) is representedby Br(X). The brack-
etsin Br(X) neeedo be equatedvith bracletsin Br(X'),
whichis donevia thereplacementperatoy

De nition 19 Thereplacemenbperator, Rep : Br(X) —
Br(X’), opemtesasfollows: givenanelemenB € Br(X),
all instanceof Xy € X andX .11 € X are replacedwith
X € X/, andall instancesf X, are replacedwith X/, for
a=1:::m.

ThetermX ., evaluatego thevector eld Z 't whichcan-
not occuronits own, it is partof the drift vector eld. The
replacemenmap respectshis fundamentafact. De ne the
function  to map Br(X) into Br(X’), then nally into
L(X).

TiBr(X) —»L(X); = oRep (29)

De nition 20 Thehorizontaland vertical distributionscor-
respondingo Br*(X') are,

n
Ci V)= Ev( )(B) B = § B);
\ (o]
VB eBrf(X) Bro(X)

n
i) = Ev( )(B) B=€B);
\ o
VB eBrf(X) Br 1(X)

We may now de ne the horizontalandvertical distributions
by takingtheunionoverallk € Z ™.

De nition 21 The horizontal and vertical distributions are
de nedto bg,

Chor(V') = Upeg- C2L(V'); and
Coer(V") = Upez- CHEM(V'):

All of thefundamentalWork to provethefollowing statement
hasbeencompleted.

Proposition11 Letx € M. Then,
Dy (0z) MHo E = Chror(V')(02);
Dm(VO)(Ow) mVOx E = Cver(vl)(ow)

and

Con guration controllability testsmaynow follow.

Theorem 3 [3] Thecontrol systen(11)is locally con gura-
tion accessiblatx € M if Cpor(V')(0,) = Hg, E.

The partialcorverseprovenfor the casewhenthereis no po-
tentialalsoholds.

Theorem4 Supposéhat Z'if* = 0 and(11) is locally con-
gur ation accessible ThenCp,-(V')(0,) = Hg,E for Q in
an opendensesubsedf Q.

Theorem5 Suppos¢hat) is sut thateverybadsymmetric
productin Pr(Y) hasthepropertythat

Evo, ( )( (P)) = Y 4Evo, ( )(Ca)

a=1

wheie C, are good symmetricproductsin Pr(Y) of lower
deggreethatP and , € Rfora= 1:::m. Also,supposéehat
(11)is locally con gurationaccessibleatx € M. Then(11)
is STLCCat x.

Corollary 4 Supposghatthe hypothesesf Thm.5 hold for
all x € M. Thenthesysten(11)is equilibriumcontmollable.

4 Examples

In this section,we will take variousknown analysef con-
trollability for choicesof thevectorbundleE.

The Tangent Bundle. Let E = TM. In alocal trivi-
alization, the seconditeratedtangentbundle takes the form
T(TQ) 2 Q x E x E x E. Thusbhoththeverticalandhor-
izontalsubspacesf T (T Q) canbeidenti ed with T Q. This
factlies behindmuchof the simpli cation thatoccursin [3].
In particular

[ XMl eHE and T ([ ;X)) = —Xg:

Consequently [[ ;X ] ;[ s X]] < [Xq4;X4]; where
the Jacobi-Lie braclket of the right hand side is of vector
elds in X(M) insteadof X(TM ), meaningthat the space

Lie ([ ;Sym()]) cannow begivenby Lie (37) wherethe

set) is uniquelyde ned by Vit = . Additionally thereex-
istsa symmetricproductde ned on X(M ) suchthatthe op-
erationof verticallifting commuteswith thesymmetricprod-

uct. ThespaceSym()) cannow be givenby Sym()).

Essentially all of the calculationsdropto TM, resultingin
computationahndnotationalreductionspreciselyasempha-
sizedby Lewis andMurray[3]. Many known canonicaforms
areinstancef this type. Givena secondordervector eld,
X € X(TQ),if itisof homogeneousrder+1, it is saidto be



aspray[10]. Thereexistsabijectionbetweerlinearsymmet-
ric connectionsand sprays(an af ne connectionandits re-
lated Christofel symbolsform sucha bijection); see[9, 10].
Thereforecontrollability analysisof any secondordervector
eld suchthatX s € (P; @ P_1) is of thistype.

The CotangentBundle. Controllability analysiscanbe per
formedon the cotangenbundlejust as easilyason the tan-
gentbundle. A notableexceptionis thattheidenti cation of
thehorizontalandverticaltangenspace®f T (T *Q) with the
covectorbundleT *Q is not made.Analysison the cotangent
bundleis usefulfor Hamiltoniansystems althoughwe are
unawvare of ary researchthat studieshow the Lie-algebraic
structureof Hamiltoniansystemsnay be usedfor control.

Constrained Mechanical Systems. Controllability for sys-
tems with nonholonomicvelocity constraintscan be ad-
dressedisingthis theory While af ne connectionsandcon-
straintsarecompatiblewe focusonanothempproachhatde-
scribeconstraintssia an EhresmanrconnectionA : TQ —
V Q, ona ber bundleQ with bundleprojection : Q — M

and model ber S [13]. The appropriatevector bundle is
E 2 M xS x V, whereV is the modelvector spacefor
thetangentoundleTM , andM x S is thebasespace.Con-
guration controllability usesLie(| ;Sym()]), see[5].

In this example the tangentbundle TE cannotbe identi-
ed with E, sosimpli cation doesnot occut However, the
con guration controllability testis equivalentto taking Lie
bracletsof horizontallylifted vector elds in X(M )2, which
is equivalentto having the local curvatureform, B,.(r; s),
of the Ehresmanrtonnectionandits higherordercovariant
derivatives.Constrainteductionsimpli es thecontrollability
analysigto the connectiorform only.

If the ber is a Lie group,S = G, andthe equationsof
motion are group invariant, then we are in the principal
bundle case. The local form of the principal connection,
Apoe(r) : T.M — g, only dependn the basespace.Con-
guration controllability is furtherreducedo analysisof the
associate@djointbundleg, recovering[14, 15)].

Constrained Mechanical Systemswith Symmetry

For somesystemstheconstraintglonotspartheLie algebra,
g, of the Lie group, G, meaningthat not all of the ber is

constrained.Let the control systemin questionevolve on a
principalbundle : Q — M, with Lie groupG. Thesystem
will evolveonthevectorbundleE 2 TM x G x V, with base
diffeomorphicto M x G, andvectorbundlediffeomorphicto

W xV, whereW isthemodel ber for thetangenspacel M .

Typically, thevectorspaceV will beeitherthelLie algebrag,

or its dual g*. The homogeneousnalysiswill recover the
controllability resultsfrom both instances.For V = g, this
recoversthe work of Corteset al. [4], andfor V = g* this
recoversOstrovski andBurdick [6].

5 Conclusion

This paperexplored the role of geometrichomogeneityon
the evolution of control systemson vector bundlesand de-
velopeda controllability a testanalagougo thosefor simple
mechanicabystemsput at a moregenerallevel. Additional
accessibilitytestsare givenin [11], ascon guration control

SThehorizontallift is usingthe constrainconnectiorform.
4Typically this arisesfrom groupinvariantLagrangiarandconstraints.

doesnotsufce for all typesof mechanicakystems.

It would clearly be useful to designcontrol laws from the
controllability analysis.This hasbeendonein thesimpleme-
chanicalsystemframewnork by Bullo [16]. In relatedwork,
the authorshave developeda generalizedaveragingmethod
for nonlinearsystemsthat recoversthe symmetricproducts
andLie bracletsneededor control. This techniquegeneral-
izesthe body of work on motion control algorithmsto arbi-
trary 1-homogeneousontrol systemsjust asthis papergen-
eralizesthe body of work on controllability for simple me-
chanicalsystems. A companionpaperdiscusseghis tech-
nique[17].
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