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Abstract. We followup on a suggestionfrom Bullo and
Lewis [1] concerningthe importanceof geometrichomo-
geneityfor mechanicalsystems.It is shown thatcontrollabil-
ity resultsfor a large classof mechanicalsystemswith drift
canberecoveredby consideringa classof nonlineardynam-
ical systemssatisfyingcertainhomogeneityconditions.

1 Intr oduction
Mechanicalcontrolsystemsform a largeandimportantsub-
classof nonlinearcontrol systems. Besidestheir practical
utility, mechanicalsystemsalsohave inherentstructurethat
simpli�es theiranalysis.Determiningcontrollability for non-
linearcontrolsystemsis in generalquitedif�cult. Sussmann
[2] providessuf�cient conditionsto determinesmall-timelo-
cal controllability, however thereis factorial growth in the
numberof elementsto test. Lewis andMurray [3] showed
how theaf�ne connectiondescriptionof mechanicalsystems
prunesthe testsfound in [2] for the particularcaseof con-
�guration controllability. Their work is applied to simple
mechanicalsystems, whicharecharacterizedby Lagrangians
with kineticandpotentialenergy termsonly; constraintsmay
be included. In [1], Bullo and Lewis demonstratethat ge-
ometrichomogeneityis behindmuchof the simpli�cations.
They furtherarguedthatgeometrichomogeneityshouldbea
fruitful avenueof furtherstudyfor nonlinearcontrolsystems.
This is especiallytruegiventhatanalogouscontrollability re-
sultshavesubsequentlybeenfoundto hold for alternativeap-
proachesto mechanicalcontrol systems[4, 5, 6]. This pa-
perdevelopstheconceptof geometrichomogeneityfor vec-
tor bundlesanddemonstrateshow geometrichomogeneityis
theconnectinglink to all of theseseeminglyrelatedresults.

Section2 reviews anddevelopshomogeneityfor application
to homogeneouscontrol systems. Thesemethodsare used
to extendthecon�gurationcontrollability theoremsof Lewis
andMurrayto agenericvectorbundlein Section3. Thesere-
sultsareappliedin Section4 to variouscontrolsytemsevolv-
ing onvectorbundles.As all of theinstanceshavebeenstud-
ied in the literature,the analysisdemonstrateshow they all
maybeplacedwithin a commonframework.

2 GeometricHomogeneityand Vector Bundles
Geometrichomogeneityhasbeenusedin variousstudiesof
nonlineardynamicsandcontrol. Controllability resultsoften
usedilations [2, 7]. Mc'Closkey andMorin [8] usehomo-
geneityto obtainstabilizingcontrollersfor certainnonlinear
systemswith drift. Crampin[9] useshomogeneityto study
thegeometryof Lagrangiansystems.We seekto developthe
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relevant ideasconcerninggeometrichomogeneityin a more
systematicmanner. We �rst review relevantconceptsandter-
minologyfrom differentialgeometry[10].

VectorBundles.A (differentiable)�bre bundle(Q; � ; M ; F )
consistsof: (1) a differentiablemanifold Q called the total
space(con�guration space),(2) differentiablemanifold M
called the basespace,(3) differentiablemanifold F called
the�bre, and(4) a surjection� : Q → M calledtheprojec-
tion, togetherwith compatibility conditionsthat will not be
discussed.The �bre F is diffeomorphicto � −1(q), where
q ∈ M . Given a �bre bundle � : Q → M , a section
� : M → Q is a smoothmapsatisfying� ◦ � = idM . The
spacede�ned by the collection of all sectionson the �ber
bundleQ is denotedby �( Q). It is itself a �ber bundle.

A vectorbundle(E ; � ; M ; V ) is �ber bundlewhosetypical
�ber is a vectorspace.Givena vectorbundle� : E → M ,
thezero section, denotedby � 0, is a smoothmappingwhich
mapspointsin thebasespaceto thezerovector,

� 0(x) = 0x ∈ Ex; ∀ x ∈ M :

As a vectorspace,the imageof the zerosectionM × {0}
is isomorphicto thethebasespace,M . Themanifoldstruc-
tureof E is obtainedfrom local charts(U;  ), whicharealso
calledlocal trivializations. In a local trivialization,thevector
bundle is a direct productspace, (U) ⊂ M × V . Often,
whengiving coordinaterepresentations,we will simply refer
to a local trivializationasE ∼= M × V .

If two bundlessharethesamebasespace,M = M 1 = M 2,
they may be composedvia the �ber product, denoted×M ,
to form anew bundleQ1 ×M Q2. Let vectorbundlesE1 and
E2 have a commonbasespace.Their �ber product,Whitney
sum, is denotedE1⊕E2. In alocal trivialization,theWhitney
sumis, E1 ⊕ E2

∼= M × V1 × V2.

Let the tangentspace,TM , to M , have the local trivializa-
tion, TM ∼= M × W , whereW modelsthe tangent�ber of
M . The �ber of the tangentspaceto a vectorspacecanbe
modelledby thevectorspaceitself, TV ∼= V × V . The lo-
cal trivialization to the tangentspaceTE, canbe given by,
TE ∼= M ×V ×W ×V, whereM ×V representsthevector
bundle,andW × V representsthetangent�ber to thevector
bundle. The trivialization suggeststwo projectionoperators
for TE, � 1 and� 2. Theoperator� 2 is only locally de�ned (it
dependson the local trivialization). In a local trivialization,
� 1 and� 2 operateasfollows,

� 1(q; u; w; v) = (q; u; w; 0); and
� 2(q; u; w; v) = (q; u; 0; v): (1)

Locally, � 1 = idTE − � 2.



GeometricHomogeneity. Muchof theterminologyconcern-
ing geometrichomogeneitycanbe found in Crampin[9] or
Kawski [7]. Geometrichomogeneityis de�ned usingthedi-
lationoperator� t, whichdilatesthevector�ber ,

� t : E → E; (x; u) 7→ (x; et u) : (2)

Thedilation operatorsatis�es(� t)
p = � pt. Correspondingto

thedilation is its in�nitesimal generator, � , a vector�eld on
E. In a local trivialization,thegeneratoris,

� = ui @
@ui

(3)

An alternative to thedilationoperatorexchangestheadditive
propertyof thedilation with a multiplicativeone,

~� c ≡ � ln(c) : E → E; (x; u) 7→ (x; cu) (4)

Ourworkingde�nition of homogeneityfollows.

De�nition 1 A mappingbetweenbundles	 : E1 → E2 is
homogeneousof orderp if 	 ◦ � t = � pt ◦ 	 .

The two bundlesneednot have thesamebasenor �ber. We
assumethat 	 is a smoothfunctionde�ned over E , andthat
all vectorbundlesare�nite dimensional.Below, E1 andE2

arevectorbundles.

Proposition1 [11] All smoothfunctions,	 : E1 → E2 of
homogeneousorder0 areequivalentto mappingsof thezero-
sectiononE1 into E2.

Proposition2 [10] Theonly smoothfunctions,	 : E1 →
E2 of homogeneousorder−p for p > 0 are mappingsof the
zero sectiononE1 to thezero-sectiononE2.

Proposition3 [11] If 	 : E1 → E2 is homogeneousof order
p ≥ 1, then	 evaluatedon thezero sectionof E1 resultsin
thezero sectionof E2.

Note that con�guration controllability evaluationsaremade
aroundthezerosectionof a vectorbundle;theabove homo-
geneityresultswill allow certainvector�elds to be ignored.
This is preciselyhow Lewis andMurray [3] achieveda sim-
pli�cation of Sussmann'scontrollability theorem.

The TangentBundle and Vector Fields. We focusnow on
the geometrichomogeneitypropertiesof the tangentbundle
TE, andof thespaceof vector�elds X (E ). Using thepro-
jectionoperatorthereis a naturalnotion of vertical for TE.

De�nition 2 Theverticalbundleover E , denotedby V E, is
thesubbundleof TE givenby theunionof T � −1(0q) for all
q ∈ Q. A vectorin TE is verticalif it lies in thekernelof T � .

De�nition 3 There is a canonical isomorphismbetween
E ×M E andV E, calledtheverticallift . It is givenby,

vlift =
d
dt

∣∣∣∣
t=0

(ux + tvx) ; u; v ∈ E: (5)

A complementaryhorizontalsubbundlecanbede�ned using
a connectionform, alsocalledanEhresmannconnection.

De�nition 4 AnEhresmannconnection, A, is a verticalval-
uedoneform ona manifoldQ that satis�es,

1. Aq : TqQ → VqQ isa linearmapfor eachpointq ∈ Q.

2. A is a projection,A ◦ A = A.

The horizontalsubbundle HE is equal to the kernel of the
Ehresmannconnection.The naturalprojectionoperator, � 2,
locally de�nesa trivial connectiononTE.

Atriv : TE → V E; Atriv = � 2: (6)

This locally de�ned trivial connectionwill be evaluatedon
thezerosectionaccordingto the local controllability teststo
be de�ned. Horizontalvectorsareisomorphicto vectorson
thetangentbundleof thebasespacevia thebundleprojection,
T � .

De�nition 5 Thevertical subspaceX V (E ) ⊂ X (E ), con-
sistsof all vector�elds thatarevertical for all pointsin E .

Proposition4 If X ; Y ∈ X V (E ), then[X ; Y ] ∈ X V (E ).

Thenotionof homogeneityextendsto vector�elds via � .

De�nition 6 A vector�eld X ∈ X (E ) is saidto behomoge-
neousof orderp if, [� ; X ] = pX , for p > −2.

Underthetrivial splitting of vector�elds into horizontaland
vertical,thedilationvector�eld hasthefollowing properties,

Proposition5 [11] Let � bethein�nitesimal generator cor-
respondingto the dilation action, � t. Given a vector �eld
X ∈ X (E ), thefollowingpropertieshold:

1.
[
� ; X H

]
is horizontal,and

2.
[
� ; X V

]
is vertical,

for the trivial decomposition,X = X H + X V , of X into
horizontalandvertical components,respectively.

Proposition6 GivenX ; Y ∈ X (E ) homogeneousof orderp
andq, respectively, [X ; Y ] is homogeneousof order p + q.

Proposition7 [11] Anymapping	 : E → E preservingthe
base, i.e., � = � ◦ 	 , andhomogeneousof orderp, losesone
degreeof homogeneitywhenlifted via Eq. (5), i.e., 	 lift is
homogeneousof orderp− 1.

Corollary 1 Givena sectionof thevectorbundleE , its ver-
tical lift is homogeneousof order−1.

As statednext, theconverseto thecorollaryalsoholds.

Proposition8 [9] All vector�elds of homogeneousorder−1
are thevertical lift of a sectionof E .

Proposition9 [11] Using the trivial horizontalconnection,
thedecompositionof thevector�eld X = X H + X V of ho-
mogeneousorderp hasthefollowingproperties:

1. X H is in 1-1 correspondencewith Y ∈ C∞ (E ; TM )
whereY is homogeneousof orderp.

2. X V is in 1-1 correspondancewith 	 lift, where 	 ∈
C∞ (E ; E) is homogeneousof order p + 1.

This is analogousto thediscussionfollowing Eq. (3.1) in [1].

Corollary 2 For X ; Y ∈ X (E ) vertical lifts, [X ; Y ] = 0.

The Jacobi identity implies a symmetry of the following
bracketconstruction.

Corollary 3 If X ; Y ∈ X (E ) arevertical lifts, then
[X ; [� ; Y ]] = [Y; [� ; X ]], for any� ∈ X (E ).

Via Corollary3, the(2,1)-tensor[·; [� ; ·]] maybeusedto de-
�ne a symmetricproductfor lifted vector�elds.



De�nition 7 The symmetricproduct of lifted vector �elds
usingthevector�eld � ∈ X (E ) is de�nedto be,

〈X : Y 〉
Γ
≡ [X ; [� ; Y ]] ;

where X ; Y ∈ X (E ) lifted vector�elds.

Wewill simplywrite 〈X : Y 〉 without referenceto thevec-
tor �eld � whenthe context is clear. The symmetricprod-
uctwasoriginally derivedandde�ned usingtheRiemmanian
or af�ne connectionstructureof simplemechanicalsystems
[12, 3], and is known to be derivable from the description
above. The symmetricproduct,therefore,canbe usedin a
moregeneralsetting. Whatis critical to simplemechanical
systemsis not thesymmetricproductalone, but thehomoge-
neousstructure implied by the Lagrangianframework from
which such systemsare derived. Thehomogeneousstructure
will imply that it is only Jacobi-Liebrackets with a struc-
turesimilar to theoneabovethatwill beimportantfrom both
controltheoreticanddynamicalsystemsperspectives.This is
mademoreexplicit throughtheuseof a gradation.

Gradationsof HomogeneousSpaces.De�ne thevectorsub-
bundleof homogeneousorderk to be

Pk ≡ {X ∈ X (E ) | X is of homogeneousdegreek: } :

Propositions2 and6 imply that: (1) [Pi;Pj ] ⊂ Pi+j ; and(2)
Pk = { 0} ; ∀ k < −1. Accordingly, we may de�ne the
following unionof homogeneousspaces,

Mk = ⊕i≤k
i=−1Pi (7)

which inherit the propertiesof its constitutive sets, (1)
[Mi;Mj ] ⊂ Mi+j , and(2) Mi = {0} ; ∀ i < −1. It
canbe seenthatM−1 = P−1, meaningthat it is the most
”basic” nontrivial space.Consequently, thespacesMk form
a gradation. For the systemsthat we will study, the vector
�eld � is restrictedto not exceedhomogeneousorder1, e.g.
� ∈ M1. Therefore,

〈
X lift : Y lift

〉Γ
∈ M−1 is again

a lifted vector �eld. Most importantly, this implies that the
symmetricproductcommuteswith otherlifted vector�elds.

De�nition 8 A nonlinearcontrol systemwith drift is calleda
1-homogeneouscontrol systemif the drift vector �eld is an
elementof M1 and the control vector�elds are elementsof
M−1.

3 Control of Dynamical Systems
Thiscoresectionof thepaperdevelopsthemaincontrollabil-
ity resultsfor 1-homogeneoussystems.We �rst review ba-
sic de�nitions for controllability of nonlinearaf�ne control
systems,aswell asfreeLie andsymmetricalgebras.Subse-
quently, thecon�gurationcontrollability theoremsanalogous
to thoseof Lewis andMurray [3] arepresented.

Wefocusonnonlinearcontrolsystemsin af�ne controlform,

_z = f (z) + ga(z)ua(t); (8)

wheref ∈ X (E ) is thedrift vector�eld andthega ∈ X (E )
arecontrol vector�elds. Thevariablez evolveson thevector
bundleE , andtherearem systeminputs,a = 1: : : m. The
controlinputsua arepiecewiseconstant.

De�nition 9 Thesystem(8) is controllableif for anyz0; zf ∈
E, thereexistsadmissablecontrolsua(t) such thatthesystem
evolvingvia (8) andstartingat z0 reacheszf in �nite time.

LetRU (z0; T ) denotethesetof reachablepointsin E at time
T > 0, startingat point z0 andusing admissablecontrols,
ua(t), suchthat the trajectoriesremainin the neighborhood
U of z0 for all t ≤ T. De�ne,

R
U
T (z0) =

[

0� t � T
R

U (z0 ; t ) (9)

De�nition 10 Thenonlinearcontrol system(8) is locally ac-
cessibleif for all z ∈ E, RU

T (z) containsa non-emptyopen
subsetof E for all T > 0 andU ⊂ E.

De�nition 11 A system(8) is small-timelocally controllable
(STLC)atz0 if it is locally accessibleat z0 andif thereexists
a T > 0 such that z0 is in the interior of RU

t (z0) for every
neighborhoodU of z0 and0 ≤ t ≤ T. If this holdsfor any
z ∈ E, thesystemis small-timelocally controllable.

Con�guration Controllability . If one is only interestedin
controlof thebasespaceM , andnot of thevector�ber , then
only con�guration controllability of the systemis needed,
wherethecon�gurationsareelementsof M . LetRCU (x0; T )
denotethesetof reachablecon�gurationsin M at time T >
0, startingat point 0x0 ∈ E andusingadmissablecontrols,
ua(t), suchthat the trajectoriesremainin the neighborhood
U of x0 for all t ≤ T. De�ne,

RC
U
T (x0) =

[

0� t � T
RC

U (x0 ; t ) (10)

De�nition 12 [3] A system(8) is locally con�gurationacces-
sibleat x0 ∈ M if there existsa T > 0 such thatRCU

t (x0)
containsa non-emptyopensetof M for all neighborhoodsU
of x0 andall 0 ≤ t ≤ T. If this holdsfor anyx0 ∈ M , then
thesystemis locally con�gurationaccessible.

De�nition 13 [3] A system(8) is small-timelocally con�gu-
rationcontrollable(STLCC)atx0 if it is locally con�guration
accessibleat x0 andif there existsa T > 0 such that x0 is in
theinterior ofRCU

t (x0) for everyneighborhoodU of x0 and
0 ≤ t ≤ T. If this holdsfor anyx ∈ M , thenthesystemis
calledsmall-timelocally con�gurationcontrollable.

De�nition 14 Theequilibriumsubspace, E ⊂ E, of system
(8) consistsof the elementsof the zero sectionof E where
_z = 0.

De�nition 15 [3] A system(8) is equilibriumcontrollableif,
for z1; z2 ∈ E, there existsa solution(c;u) of (8) where c :
[0; T ] → Q is such that c(0) = � (z1), c(T ) = � (z2), and
bothc′(0) = c′(T ) = 0.

The remainingsubsectionsdevelop suf�cient conditionsfor
STLCCin our extendedhomogeneouscontext.

3.1 Con�guration Controllability revisited

Here,weextendthework of [3] from simplemechanicalcon-
trol systemsto thebroadercontext of 1-homogeneouscontrol
systems.Theresultingconditionsapply to anenlargedclass
of systems,andreproducemany known resultson controlla-
bility of mechanicalor nonlinearaf�ne controlsystems.The
contentandstructurefound in Sussmann[2], andLewis and
Murray[3], is assumedfamiliar to thereader. Wedevelopour
ideasusingthesamelanguageandconstruction.

Thestandardcontrolform will berewrittenas,

_z = X S + Y lift
a (z)ua; (11)



where X S ∈ X (E ) is the drift vector �eld, the Y lift
a ∈

X (E ) are control vector �elds, and the ua are inputs, for
a = 1: : : m. Thevector�elds mustobey the1-homogeneity
requirements.We considerthecaseX S ∈ P1 ⊕P−1 ⊂ M1,
whichcoverssimplemechanicalsystemsplusadditionalme-
chanicalsystems1. Consequently, X S canbewritten2 as,

X S = � − Z lift; (12)

where� ∈ P1 andZ lift ∈ P−1. The control vector �elds
mustsatisfyY lift

a ∈ P−1, asimplied by thefactthat they are
lifts.

In whatfollowswe will relatethecontrolsystem(11) to free
Lie algebras.Sussmann's work hasdemonstratedthatmuch
progresscanbeachievedby examininganalgebraicabstrac-
tion of the control system. By placingthe two descriptions
in bijectivecorrespondance,propertiesof thefreeLie algebra
translateto propertiesof the original control system. Geo-
metrichomogeneity�ts within this algebraicrealization;we
needonly examinehow bracketingaffectsthehomogeneous
orderof elementsof freeLie algebras.

Free Lie algebras. Consider a �nite set X =
{X 0; X 1; : : : ; X l } of elements. The free Lie algebra,de-
notedL(X), is the involutive closureof X underJacobi-Lie
brackets. Denoteby B r (X) the subsetof L (X) containing
only products(i.e. brackets)of elementsin X; this subset
will generateL (X) asa R-vectorspace(seeProp.10). Con-
sequently, we needonly considerthegeneratingset,B r (X)
insteadof thefull setL (X).

For eachelementB ∈ B r (X), let � a(X ) be the numberof
timesthat the elementX a, a = 0; : : : ; l , occursin B . The
degreeof B , denoted� (B ), is thesumof the � a's: � (B ) ≡

� 0(B ) +
∑l

a=1 � a(B ). Therelativedegree, denotedby ~� (·),
is thedifferencebetween� 0 andthesumof the � a's for a =
1: : : l : ~� (B ) ≡ � 0(B ) −

∑l
a=1 � a(B ).

Proposition10 [3] Everyelementof L (X) is a linear com-
binationof repeatedbracketsof theform,

[X k; [X k−1; [: : : ; [X 2; X 1] : : :]]]

where X i ∈ X; i = 1; : : : ; k.

Connectionto Vector Fields. A familyof vector�elds onthe
manifoldQ is a subsetV ⊂ X (Q). Thefamily maybeused
to de�ne a distributiononQ,

DV (x) ≡ spanR {X (x) | X ∈ V } (13)

ThesmallestLie subalgebraof theLie algebra,X (Q), is the
setof vector�elds on Q generatedby repeatedLie brackets
of elementsin V . ThisLie subalgebra,whichwill beusedfor
small-timecontrollability results,is generatedby thefreeLie
algebraspreviouslydescribed.

Let X andV bein bijectivecorrespondencevia thebijection,
� : X → V . A Lie algebrahomomorphismbetweenL(X)
andX (Q), is de�ned by Ev(� ) : L (X) → X (Q),

Ev(� ); u1 ⊗ · · · ⊗ uk 7→ � (u1) · : : : · � (uk); (14)

wheretheproducts,· , correspondto Jacobi-Liebrackets.The
smallestLie subalgebraof X (Q) containingV , is the image

1Thefull caseX S ∈ M1 canbefoundin [11].
2Theminussignin X S = Γ − Z lift is anartifactof thesimplemechan-

ical systemsparadigm,andcomesfrom theEuler-Lagrangeequations.

of Ev(� ) (L (X)) , which shallbedenotedLie(V) andcalled
theinvolutiveclosureof V .

When evaluatedat a point, q ∈ Q, the homomorphism
Evq(� ) mapsL(X) into TqQ. The Lie algebrarank condi-
tion (LARC) at q is satis�edif,

Evq(� ) (L (X)) = TqQ;

or, equivalently,

rank(Lie(V)) = dim Q;

for � : X → V , whereV = { f ; g1; : : : ; gm }. LARC is used

to determinelocal accessibility, from which small-timelocal
controllability may follow under additional requirements.
Theconditionstill appliesif Q is thevectorbundleE .

Properties of and Computations with the FreeLie Alge-
bra. The setsthat are typically placedinto bijective cor-
respondenceareX

′ andV ′ =
{

X S ; Y lift
1 ; : : : ; Y lift

m

}
, Eq.

(11). The bijection will take X ′
0 to X S ∈ M1, and X ′

a

to Y lift
a ∈ M−1, a = 1: : : m. Instead,decomposethe

drift X S into its two homogeneouscomponents,Eq. (12).
The sets in bijective correspondencewill be X and V ={

� ; Y lift
1 ; : : : ; Y lift

m ; Z lift
}

. Now, X 0 will mapto � ∈ P1,
andtheX a will mapto Y lift

a for a = 1: : : m, andX m+1 will
mapto Z lift, all elementsoff P−1. Thelink betweenthetwo
sets,X andX

′, will bediscussedshortly.

De�ne thefollowing notation,
B r k(X) = {B ∈ B r (X) | � (B ) = k }

B rk(X) =
{

B ∈ B r (X) | ~� (B ) = k
}

:

B r k(X) is the set of elementsin B r (X) whosedegree is
k, whereasB rk(X) is the setof elementsin B r (X) whose
relativedegreeis k.

De�nition 16 [3] Let B ∈ B r 0(X)
⋃

B r−1(X) and let
B1; B2; B11; B12; B21; B22; : : : be the componentde-
compositionof B . We shall saythat B is primitive if each of
its componentsis in B r−1(X)

⋃
B r0(X)

⋃
{X 0 }.

Someobservationsmaybemadeaboutprimitivebrackets.

Observation 1 [3] If B ∈ B r−1 is primitive, then, up to
sign,wemaywrite B = [B1; B2] with B1 ∈ B r−1(X) and
B2 ∈ B r0(X).

Observation 2 [3] If B ∈ B r 0(X) is primitive, then,up to
sign,B mayhaveoneof twoforms.EitherB = [X 0; B1] with
B1 ∈ B r−1(X) primitive, or B = [B1; B2] with B1; B2 ∈
B r0(X) primitive.

Lemma 1 [3] Let us imposethe condition on elementsof
B r (X) that we shall considera bracket to be zero if any
of its componentsare in B r−j(X) for j ≥ 2. Let B ∈
B r0(X)

⋃
B r−1(X). ThenB is the �nite sumof primitive

brackets.

Observation 3 [11] If B ∈ B r 0(X), thenB maybewritten
as[X 0; B1], with B1 ∈ B r−1(X), or asthesumof repeated
bracketsof such forms,i.e., elementsthat look like

[Ci; [Ci−1; [: : : ; [C2; C1] : : :]]]

where theCi ∈ B r0(X) are, upto sign,of theform[X 0; Ci1]
with Ci1 ∈ B r−1(X).



The setX, undertheevaluationmapEv(·), doesnot corre-
spondto thevector�elds found in equation(11); theproper
setto useis X

′. A methodto equateanelementof B r (X′)
to elementsof B r (X) mustbegiven.Thiswill requirede�n-
ing themapping� andthesetS(·) ⊂ B r (X). Supposethat
B ′ ∈ B r (X′), thengiventhatX mapsontoX

′, it is possible
to write B ′ asa R-linearsumof elementsin B r (X). These
primitiveelementsde�ne thesetS(B ′).

Lemma 2 [3] Themapping� : B r (X′) → L(X) is,

�( B ′) =
∑

B∈S(B0)

(−1)δm +1 (B)B ; forB ′ ∈ B r (X′):

Intuitively, theelementB ′ ∈ B r (X′) is convertedto a sum
of elementsin B r (X) by replacingX ′

0 with X 0 − X m+1

and equatingX ′
a with X a for a = 1: : : m, then using the

multi-linearity of the iteratedJacobi-Liebracket to obtaina
sumof Jacobi-Liebrackets,whichcomprisethesetS(B ′) ⊂
B r (X). A simpleexampleis thefollowing,

[X ′
1; [X ′

0; X ′
2]] = [X 1; [X 0 − X m+1; X 2]]

= [X 1; [X 0; X 2]] − [X 1; [X m+1; X 2]]

The two iterated Jacobi-Lie brackets, [X 1; [X 0; X 2]] and
[X 1; [X m+1; X 2]], form thesetS(B ′), wherethesignof their
contribution is relatedto thedegree� m+1(·).

Free Symmetric algebras. Considerthe �nite set Y =
{X 1; : : : ; X l+1 }.. The free symmetric algebra, denoted
S(Y), generatedby Y is the closureunderthe symmetric
product,

〈X a : X b 〉 ≡ [X b; [X 0; X a]] ; (15)
Denoteby Pr (Y) thesubsetof S(Y) containingonly prod-
ucts(i.e. symmetricproducts)of elementsin Y. Let 
 a(X )
bethenumberof timesthattheelementX a, a = 1; : : : ; l + 1,
occursin P ∈ Pr (Y). Thedegreeof P ∈ Pr (Y) denoted

 (·), is the sum of the 
 's, 
 (P) =

∑l+1
a=1 
 a(P), where

X 0 ∈ X mapsto � ∈ X (E ) under� .

ThesetY will bebijective to Y =
{

Y lift
1 ; : : : ; Y lift

l ; Z lift
}

via the bijection  : Y → Y . The bijection  may be ex-
tendednaturally to obtain a homomorphismfrom S(Y) to
X (E ). Whenevaluatedfor P ∈ S(Y), at a point x ∈ E, the
mapthatresults,denotedby Ev( ), is

Evx( )(P) = (Ev ( )(P)) (x): (16)

Consequently, thesymmetricclosuremaybede�nedto bethe
imageunderthefreesymmetricalgebra,

Sym(Y) ≡ Im (Ev ( )(S(Y))) : (17)

Propertiesof and Computationswith the FreeSymmetric
Algebra The setusedto createthe free symmetricalgebra,
Y, is really a subsetof X, thesetusedto createthefreeLie
algebra.By de�nition of theproductusedin thefreesymmet-
ric algebra,its propertiestranslateto theappropriatesubsetof
thefreeLie algebra.

Observation 4 [11] Supposethat B is a primitive. If B ∈
B r−1(X), thenB ∈ S(Y).

Thisobservationis analogousto Lemma5.6part(i) of [3].

3.1.1 FreeAlgebras and Homogeneity: Herewe re-
latethealgebraicpropertyof relativedegreeto geometricho-
mogeneity, andexaminetheconsequences.

Lemma 3 [11] Let l ≥ 1 bean integer andlet B ∈ B r l(X).
ThenEv(� )(B )(0q ) = 0 for all q ∈ Q.
Proof: Therelativedegreegivesthehomogeneousorderof
theresultingvector�eld. Whenevaluatedonthezerosection,
homogeneityof orderl ≥ 1 impliesthattheresultis thezero
vector, c.f. Proposition3.
Lemma 4 Let l ≥ 2 be an integer, and let B ∈ B r−l(X).
ThenEv(� )(B ) = 0.

Proof: For l ≥ 2, thespaceonly containsthezerovector
�eld, c.f. Proposition2.

The homogeneousstructureof thenonlinearsystemimplies
that only the bracketsthat residein P0 ⊕ P−1 whenevalu-
atedon the zerosectionof E , will give contributionsto the
controllableLie subalgebra.Thehomogeneousstructurealso
implies that the brackets of P−1 will be vertical elements,
andthebracketsof P0 evaluatedon thezerosectionwill be
horizontalelements,usingthetrivial connection.

3.1.2 STLC in the algebraicsense: In orderto deter-
mineSTLC usingtheLie algebrarankcondition,Sussmann
neededthenotionof a goodanda badbracket.

De�nition 17 [2] An elementB ∈ B r (X) is called bad if
� a(B ) is evenfor all a = 1: : : m, andif � 0(B ) is odd. If B is
notbad,thenit is good.

In addition,Sussmannutilized thepermutationgroupSm, of
permutationsusingm symbols.An element� ∈ Sm takesthe
m elementsX a ∈ X, andmapsthemto X σ(a) ∈ X. Theset
of all possiblepermutationscanbe usedto de�ne a bracket
permutation,� : B r (X) → B r (X) for B ∈ B r (X).

� (B ) =
∑

σ∈Sm

� (B )

Sussman'sgeneralderivation,relyingonthestandardform of
thenonlinearcontrolequation(8), culminatedin thetheorem,

Theorem1 [2] Let� : X → { f ; g1; : : : ; gm }, beabijection
sendingX 0 to f and X a to ga for a = 1: : : m. Suppose
that (8) is such that every bad bracket B ∈ B r (X) hasthe
propertythat

Evz(� ) (� (B )) =
k∑

a=1

� aEvz(� ) (Ca) ;

where Ca are goodbracketsin B r (X) of lower degreethan
B and� a ∈ R for a = 1: : : k. Alsosupposethat (8) satis�es
theLARCat z. Then(8) is STLCat z.

Lewis examinedthestructureof simplemechanicalsystems
to re�ne this ideafor con�gurationcontrollability. In partic-
ular, only the bracketsin thehomogeneousspaceB r−1(X)
canresultin badbrackets.Thesearchfor badbracketsis re-
ducedto examinationof thesymmetricproductsonly. De�ne
 to bethebijectionY = {X 1; : : : ; X m+1 } 7→ Y .

De�nition 18 AnelementP ∈ Pr (Y) is calledbadif 
 a(P)
is evenfor each a = 1: : : m. If P is notbadthenit is good.

Theorem2 [3] Considerthe bijection  : Y → Y , which
sendsX a to Y lift

a for a = 1: : : m, andX l+1 to Z lift. Suppose
that (11) is such that every bad symmetricproduct in P ∈
Pr (Y) hasthepropertythat

Ev0x ( )( � (P)) =
k∑

a=1

� aEv0x ( )(Ca) (18)



where Ca are goodsymmetricproductsin Pr (Y) of lower
degreethanP and � a ∈ R for a = 1; : : : ; k. Also,suppose
that (11) is locally con�gurationaccessibleat x. Then(11) is
STLCCat x.

This theoremwas proven for the casethat E = TQ, and
is precisely the theorem that will be recreatedfor a 1-
homogeneouscontrol systemevolving on a genericvector
bundleCon�guration controllability will imply controllabil-
ity of thebasespace,M , of thevectorbundle,E .

3.2 Conditions for Con�guration Controllability

Up to this point, we have given and proven the analogous
theoremsderived in [3] for use within the context of 1-
homogeneouscontrol sytems.Consequently, all of thetheo-
remsconcerningcon�guration controllability maynow hold
for thesehomogeneouscontrol sytemswithout modi�cation
of the proofsfrom Lewis andMurray [3]. As con�guration
controllability analysisoccurson thezerosectionof TE, we
needsomepreliminaryresultscharacterizingthezerosection.

Lemma 5 Let x ∈ M . Then,

DLie(V)(0x)
⋂

V0x E = DSym(Y)(0x); and

DLie(V)(0x)
⋂

H0x E = DLie([Γ,Sym(Y)]) (0x)

Lemma5 allowsusto comparetheinvolutiveclosureson the
right handsidewith thehorizontalandverticaldistributions
of the trivial connectionto comeup with equivalent state-
mentsfor the free Lie algebra,L (X). In the presenceof a
nonvanishingpotential,additionalwork is neededto demon-
stratethat theLie algebraL (X′) is representedby L(X), or
equivalently B r (X′) is representedby B r (X). The brack-
etsin B r (X) neeedto beequatedwith bracketsin B r (X′),
which is donevia thereplacementoperator,

De�nition 19 Thereplacementoperator, Rep : B r (X) →
B r (X′), operatesasfollows: givenanelementB ∈ B r (X),
all instancesof X 0 ∈ X andX m+1 ∈ X are replacedwith
X ′

0 ∈ X
′, andall instancesof X a are replacedwith X ′

a for
a = 1: : : m.

ThetermX m+1 evaluatesto thevector�eld Z lift whichcan-
not occuron its own, it is part of the drift vector�eld. The
replacementmaprespectsthis fundamentalfact. De�ne the
function �̃ to map B r (X) into B r (X′), then �nally into
L (X).

�̃ : B r (X) → L(X); �̃ ≡ � ◦ Rep (19)

De�nition 20 Thehorizontalandvertical distributionscor-
respondingto B r k(X′) are,

C
( k )
hor (V0) =

n
Ev (� )( eB )

�
�
� eB = e�( B );

∀ B ∈ B r k (X )
\

B r 0(X )
o

C
( k )
v er (V0) =

n
Ev (� )( eB )

�
�
� eB = e� (B );

∀ B ∈ B r k (X )
\

B r � 1(X )
o

We may now de�ne thehorizontalandvertical distributions
by takingtheunionoverall k ∈ Z+.

De�nition 21 The horizontal and vertical distributions are
de�nedto be,

Chor(V ′) =
⋃

k∈Z+ C
(k)
hor(V ′); and

Cver(V ′) =
⋃

k∈Z+ C
(k)
ver(V ′):

All of thefundamentalwork to provethefollowing statement
hasbeencompleted.
Proposition11 Let x ∈ M . Then,

DLie(V0)(0x)
⋂

H0x E = Chor(V ′)(0x); and

DLie(V0)(0x)
⋂

V0x E = Cver(V ′)(0x)

Con�gurationcontrollability testsmaynow follow.

Theorem3 [3] Thecontrol system(11) is locally con�gura-
tion accessibleat x ∈ M if Chor(V ′)(0x) = H0x E.
Thepartialconverseprovenfor thecasewhenthereis nopo-
tentialalsoholds.
Theorem4 Supposethat Z lift = 0 and (11) is locally con-
�gur ation accessible. ThenChor(V ′)(0q) = H0q E for Q in
anopendensesubsetof Q.

Theorem5 SupposethatY is such thateverybadsymmetric
productin Pr (Y) hasthepropertythat

Ev0x ( )( � (P)) =
m∑

a=1

� aEv0x ( )(Ca)

where Ca are goodsymmetricproductsin Pr (Y) of lower
degreethatP and� a ∈ R for a = 1: : : m. Also,supposethat
(11) is locally con�gurationaccessibleat x ∈ M . Then(11)
is STLCCat x.

Corollary 4 Supposethat thehypothesesof Thm.5 hold for
all x ∈ M . Thenthesystem(11) is equilibriumcontrollable.

4 Examples
In this section,we will take variousknown analysesof con-
trollability for choicesof thevectorbundleE .

The Tangent Bundle. Let E = TM . In a local trivi-
alization, the seconditeratedtangentbundle takes the form
T(TQ) ∼= Q × E × E × E. Thusboththeverticalandhor-
izontalsubspacesof T(TQ) canbeidenti�ed with TQ. This
fact lies behindmuchof thesimpli�cation thatoccursin [3].
In particular,

[
� ; X lift

a

]
∈ H E and T�

([
� ; X lift

a

])
= −X a:

Consequently,
[[

� ; X lift
a

]
;
[
� ; X lift

b

]]
↔ [X a; X b] ; where

the Jacobi-Liebracket of the right hand side is of vector
�elds in X (M ) insteadof X (TM ), meaningthat the space

Lie
([

� ; Sym(Y)
])

cannow begivenby Lie
(
Ỹ

)
, wherethe

setỸ is uniquelyde�nedby Ỹ lift ≡ Y . Additionally thereex-
istsa symmetricproductde�ned onX (M ) suchthat theop-
erationof verticallifting commuteswith thesymmetricprod-
uct. ThespaceSym(Y) cannow begivenby Sym(Ỹ).

Essentially, all of the calculationsdrop to TM , resultingin
computationalandnotationalreductions,preciselyasempha-
sizedby LewisandMurray[3]. Many knowncanonicalforms
areinstancesof this type. Givena secondordervector�eld,
X ∈ X (TQ), if it is of homogeneousorder+1 , it is saidto be



aspray [10]. Thereexistsabijectionbetweenlinearsymmet-
ric connectionsandsprays(an af�ne connectionand its re-
latedChristoffel symbolsform sucha bijection);see[9, 10].
Therefore,controllabilityanalysisof any secondordervector
�eld suchthatX S ∈ (P1 ⊕P−1) is of this type.

The CotangentBundle. Controllability analysiscanbeper-
formedon the cotangentbundlejust aseasilyason the tan-
gentbundle. A notableexceptionis that the identi�cation of
thehorizontalandverticaltangentspacesof T(T ∗Q) with the
covectorbundleT ∗Q is notmade.Analysison thecotangent
bundle is useful for Hamiltoniansystems,althoughwe are
unawareof any researchthat studieshow the Lie-algebraic
structureof Hamiltoniansystemsmaybeusedfor control.

Constrained Mechanical Systems.Controllability for sys-
tems with nonholonomicvelocity constraintscan be ad-
dressedusingthis theory. While af�ne connectionsandcon-
straintsarecompatible,wefocusonanotherapproachthatde-
scribeconstraintsvia anEhresmannconnection,A : TQ →
V Q, on a �ber bundleQ with bundleprojection� : Q → M
and model �ber S [13]. The appropriatevector bundle is
E ∼= M × S × V , whereV is the modelvectorspacefor
thetangentbundleTM , andM × S is thebasespace.Con-
�guration controllabilityusesLie(

[
� ; Sym(Y

]
), see[5].

In this example the tangentbundle TE cannotbe identi-
�ed with E , so simpli�cation doesnot occur. However, the
con�guration controllability test is equivalent to taking Lie
bracketsof horizontallylifted vector�elds in X (M )3, which
is equivalentto having the local curvatureform, B loc(r; s),
of theEhresmannconnection,andits higher-ordercovariant
derivatives.Constraintreductionsimpli�es thecontrollability
analysisto theconnectionform only.

If the �ber is a Lie group, S = G, and the equationsof
motion are group invariant4, then we are in the principal
bundle case. The local form of the principal connection,
Aloc(r ) : TrM → g, only dependson thebasespace.Con-
�guration controllability is furtherreducedto analysisof the
associatedadjointbundleg̃, recovering[14, 15].

ConstrainedMechanicalSystemswith Symmetry
For somesystems,theconstraintsdonotspantheLie algebra,
g, of the Lie group,G, meaningthat not all of the �ber is
constrained.Let the control systemin questionevolve on a
principalbundle� : Q → M , with Lie groupG. Thesystem
will evolveonthevectorbundleE ∼= TM ×G×V, with base
diffeomorphicto M ×G, andvectorbundlediffeomorphicto
W×V , whereW is themodel�ber for thetangentspaceTM .
Typically, thevectorspaceV will beeithertheLie algebrag,
or its dual g∗. The homogeneousanalysiswill recover the
controllability resultsfrom both instances.For V = g, this
recoversthe work of Cort́eset al. [4], andfor V = g∗ this
recoversOstrowski andBurdick [6].

5 Conclusion
This paperexplored the role of geometrichomogeneityon
the evolution of control systemson vectorbundlesandde-
velopeda controllability a testanalagousto thosefor simple
mechanicalsystems,but at a moregenerallevel. Additional
accessibilitytestsaregiven in [11], ascon�guration control

3Thehorizontallift is usingtheconstraintconnectionform.
4Typically this arisesfrom groupinvariantLagrangianandconstraints.

doesnot suf�ce for all typesof mechanicalsystems.

It would clearly be useful to designcontrol laws from the
controllabilityanalysis.Thishasbeendonein thesimpleme-
chanicalsystemframework by Bullo [16]. In relatedwork,
the authorshave developeda generalizedaveragingmethod
for nonlinearsystemsthat recovers the symmetricproducts
andLie bracketsneededfor control. This techniquegeneral-
izesthebody of work on motion control algorithmsto arbi-
trary 1-homogeneouscontrolsystems,just asthis papergen-
eralizesthe body of work on controllability for simpleme-
chanicalsystems. A companionpaperdiscussesthis tech-
nique[17].

References
[1] F. Bullo andA. D. Lewis. On thehomogeneityof theaf�ne
connectionmodelfor mechanicalsystems.In Proc. IEEE Conf. Dec.
Contr., pages1260–1265,2000.
[2] H. J. Sussmann.A generaltheoremon local controllability.
SIAM J. Contr. Opt., 25(1),1987.
[3] A. D. Lewis and R. M. Murray. Con�guration controlla-
bility of simplemechanicalcontrol systems.SIAM J. Contr. Opt.,
35(3):766–790,1997.
[4] J.Cort́es,S.Mart́inez,J.P. Ostrowski, andH. Zhang.Simple
mechanicalcontrolsystemswith constraintsandsymmetry. SIAM J.
Contr. Opt., 41(3):851–874,2002.
[5] A. M. Bloch,M. Reyhanoglu,andN. H. McClamroch.Con-
trol and stabilizationof nonholonomicdynamic systems. IEEE
Trans. Aut. Contr., 37(11):1746–1757,1992.
[6] J. Ostroswkiand J. Burdick. Controllability testsfor me-
chanicalsystemswith constraintsandsymmetries.J. Appl. Math.
and Comp. Sci., 7(2):101–127,1997.
[7] M. Kawski. Geometrichomogeneityandapplicationsto sta-
bilization. In A. KrenerandD. Mayne,editors,Proc. IFAC Conf.
Nonlin. Contr. Sys. Des., pages147–152,TahoeCity, CA, 1995.
[8] R. M'Closkey and P. Morin. Time-varying homogeneous
feedback:Designtools for theexponentialstabilizationof systems
with drift. Int. J. Cont., 71(5):837–869,1998.
[9] M. Crampin. Tangentbundlegeometryfor Lagrangiandy-
namics.J. Phys. A, 16:3755–72,1983.
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