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Abstract: This paperconsides underwaterpropulsionthat
is genemted by variations in body shape We summarize
andextendsomeof the emeging approadesfor the uniform
modelingand contol of suc undeactuatedsystems.Two
exampledllustratethesedeas.

1 Introduction

This paperconsiderghe self-propulsiorof deformablebod-
iesin (primarily ideal) uids. We are principally motivated
by aninterestin roboticundervatervehiclesthatpropeland
steerthemselesby changesn shape(e.g. [11, 13, 15 and
thereferencegherein) ratherthanby conventionalpropellers
and maneuering surfaces. The purposeof this paperis to
suggesthatacommonframework for analyzingandcontrol-
ling thesesystemss emepging. On the mechanicsside,the
useof symmetryandreductionprinciplesleadsto governing
equationghathave usefulgeometricstructurg1, 11,13]. On
the controlside,we introduceaveraging-basedontrolmeth-
odsthataresuitedto the stabilizationof suchunderactuated
systemsy periodicfeedback.

The biologically-inspiredsystemswve considethereproduce
propulsveforcesthroughtheuseof oscillatoryshapechange,
andoneappropriatditeraturefor motion generatiorin sim-

ilar systemscomesfrom the useof feedforward sinusoidal
controlinputsfor kinematicanddynamicunderactuatedon-
trol systemd3, 6, 8, 17]. Extendingthesefeedforward re-

sultsto appropriatefeedbackinputs that producestabiliza-
tion andtrackingin the generalsettingis nontrivial andthe
constructionoften dif cult, but resultsareavailablefor par

ticular driftlesssystemstructureg2, 4, 16, 20]. Recentlythe
useof averaginghasproducedoscillatory feedbackresults
with simpler constructionthat apply to classesof con gu-

ration controllabledynamicsystemd4, 21]. Herewe shov

the extensionof the relevant averagingandfeedbackresults
to driftless control systems. We illustrate theseideaswith

two examples:an amoeba-like systemanda simpli ed pla-

narmodelof a carangiformsh.

2 UndervaterMechanicalSystems

A deformableswimmers con guration canbe decomposed
into two typesof coordinatesThe“group” or “position” co-
ordinatesdenotedy g, describeghelocationof abody- xed
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referencdramerelativeto a x edreferencdrame. Theseco-
ordinateform theLie groupSE (3), or oneof its subgroups.
The “shape”variables,denotedby r, describethe vehicle's
internalcon guration. Togetherthesevariablesform a prin-
cipal bundle The vehicle's positionand orientationarein-
directly controlled:shapevariationscouplethroughphysical
constraintdo generatenotionin thegroupvariables.

2.1 LagrangiarMechanics

In the most generalform, the mechanicsof a deformable
swimmercan be quite involved. As the body deforms,the

uid is perturbed.The perturbeduid in turnin uencesthe

body's motion. Thus,the generalprobleminvolvesa setof

coupleddynamicson an in nite dimensionalphasespace.
We adoptaLagrangiarviewpointfor thesesystemsNeglect-

ing potentialenegy termsfor the moment,the Lagrangian
consistof thekinetic enegy of che bodyandthe uid:
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whereq= [g";rT]" is thevehiclecon guration,A; denotes
a uid particle positionat time t, M and m are the rigid

body and uid kinetic enegy metrics,and? is the volume
element.The uid of density’zlls adomainD outsidethe

body. Thesystenmayalsobesubjectto constraintge.g.the

Kuttaconditiononlifting surfaces).

While the generalproblemof uid modelingfor controlis
beyondthe scopeof this paper we notethatprogresanbe
madeby usinginherentsymmetriesandby makingsimplify-
ing assumptionsn the natureof the uid o w to reducethe
systemto a nite dimensionalstatespace. The two exam-
plesin this paperaremadetractableby this line of reasoning.
We rst consideran amoeba-lie model,whosesurrounding
o w canbe well-approximatedoy potential ow. The sec-
ond example,which modelsa real planarrobot sh proto-
type, achiezes simplicity becausehe in uence of shedvor-
ticity onthebody's movementis ignored.In theseexamples
andothersthe uid ow canbereducedo afunctionof the
body's velocity. We henceforthassumethis simpli cation in
our controldevelopments.

Essentiallyall deformableswimmerst within the classof
generalmechanicakystemswhoseequationsof motion as
derivedfrom the Lagrangiartake theform

M (q)dv+ C(g; Qg+ B(d) = E(gia) + Xa(dV3(t)



wheresummationover upperandlower indicesis assumed,
g2 R",u2 R™, M is the massmatrix (or kinetic enegy
metric), C containsCoriolis and centrifugal terms,B con-
tainspotentialforcessuchasgravity, E areappliedforceson
thesystem(suchasdrag),andX arethecontrolvector elds.
Typically E decomposeato state-feedbactermsEq(q; ),
dissipatve forces E1(q)q, and external forcing E2(q; q).
Solvingfor acceleratiorgives

@= S(q;Q) + Xo(;A i D(AA+ Xa(@V3(t) (1)

where the drift termis S(g;q) = i M *(g)(C(qg;q) +
E(g;q) + B(q), and the drag term is D(g)q =
M i 1(q)E1(g)g. Thetime-varyingvector elds areX ,(q) =
M i 1(g)Xa(q), while thetime-invariantstatefeedbackcon-
trols arecontainedn Xo(g;q) = M Y(q)Eo(q; Q).

The abore system(1) canbe corvertedto rst orderrepre-
sentationLettingx = [q";q"]", theequationdbecome

X = S(X)+ Yo(x)i D(x)+ Ya(x)v?(t)  (2)
with x(0) = Xgo. Systemsof this type have mary favorable
mathematicaproperties,including Lie-algebraicones[19].

For example, the Jacobi-Liebraclets betweeninput vector
elds of amechanicabkystemvanish:

[Ya; Yp] = O 3

The Jacobiidentity impliesthat[Ya; [S; Ybl] = [Yb; [S; Yall-
Hence,onemayde ne asymmetricproduct

hYa @ Yoi = [Yu; [S; Yall: 4)
A secondmportantequalityis thefollowing:
[Ye; [Yo;[Ya; S+ Yo i DIlI=0; )

whichoccurswhenthepolynomialdependencef thevectors
elds S, Yo, andD do not exceedorder?2 in the velocities,
whichis truefor mostmechanicakystems.

The principal bundle structureof the con guration spaceal-
ludedto earliercanbeusedto obtainfurtherre nements.Al-
mostuniversally the Lagrangiarandtheinherentmechanical
constraintsof deformablepropulsorsare invariant with re-
specto theLie groupSE (3) or oneof its subgroupsConse-
quently onecanapplyreductiontheory[1, 9] to simplify the
resultingequation®f motionandto exposeusefulgeometric
structurein the mechanicsin theabsencef constraintsthe
equationof motionaregivenby Hamel's equationg1]:

i@ __.@,  da_a

a@=ad§i@ a@—@‘*':r; (6)

where» = ¢ 1qg is the vehicle's velocity (in body coordi-
nates),F, = F,(g;r;»r) andF, = F,(r;r;t) areforces
actingonthemechanisnin thepositionandshapelirections,
andL isthesystem_agrangian Additional o w assumptions

canleadto furthersimpli cations. For example,in the pres-
enceof momentumpreseration constraintsyreductionprin-
ciplesleadto reducecequationf theform [11]:

glg = i A(ML+ (899 1 (r)p
p = adp
M (A = T(r)¢i B(rin)

wherep is a bulk systemmomentum(in body coordinates),
and ¢ denotesthe “shape forces: With respectto the
amoeba-lik example, this structurearisesfrom the overall
conseration of body/ uid momentundueto the SE (2) in-
varianceof the Lagrangian.The rst equationis termedthe
reconstructiorequation with A beingthe local connection
andr 99 the locked inertia tensor The secondequationde-
scribesthe momentumevolution (in body coordinates).In
spatialcoordinatesthis momentumis constant.In the case
of zeroinitial momentumthemomentunevolutionis trivial.
Thethird equationdescribeghe “shape”’dynamics.Assum-
ing that we have completecontrol over the shapevariables,
in thezeromomentuncase the systemequationsanbe put
into the form of a driftlessaf ne control system(10) with
q=[g";r"]" thestateandr thecontrolinputs
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This equationshaws the importanceof the local connection
to theseproblems. In the more generalcasewhenthe uid
motionis not a functiononly of the vehicle’'s motion, gener
alizationsof the conceptseviewedhereapply.

3 Representate Systems

We considertwo deformableundervater propulsors. The
rst example,anamoeba-like locomotor representsystems
dominatedby added-massffects,while thesecondexample,
a carangiform-lile robot sh, representsystemswith strong
inertial andlifting effects. This sectionbrie y describesap-
propriatesystemmodels. More detailscan be found in the
references.

3.1 An Amoeba-lile Propulsor

Realamoebaere microscopicallysmall. They operateat a
very low Reynoldsnumbey andthe relevant uid equations
arethoseof creeping o w. However, the Reynoldsnumber
of amacroscopic¢robot amoeba’operatingin waterwould
be muchhigher We thus make the reasonablédealization
thatthe amoebads a connectedieformablebody swimming
throughan inviscid and incompressibleuid. We also as-
sumethatthe uid isirrotational,andthattheamoebacannot
generatevorticity—i.e., the amoebadoesnot have sharp ns.
The positionof the body's centerof massandthe amoebas
orientationare denotedby g 2 SE(2) relative to a body-
x ed frame. Any “amoeba’robot which we might actually
constructwould have a nite numberof actuators. Hence,
we assumehe body's boundarycanbe describedoy a nite
numberof shapevariablesr.

1Surprisingly creeping ow canalsobe putin this framework.



Figure 1. Amoeba-lile systemwith threedeformationmodes.

The kinetic enegy of the amoeba- uid systemconsistsof
both the swimmers andthe uid' s kinetic enegies. Using
the groupinvarianceof the Lagrangianandletting A denote
the uid potential,onecanshaw thefollowing.

Proposition 1 ([11]) TheG-invariantkineticenegy of a de-
formablebodyin a potential ow hasthereducedorm

1 I 1A »°
Tow (F5) = 50T arp
whee! 2 R% ¢ isthe“loc kedaddedinertia” matrix with
z
1/ . . . .
)y = =) 5 (B Ao+ B Kay)ds (@)

whee % is the uid gensity » gillg, and the potential
takesthelinear form: | Al» + i A’ri. Theterma99(s)
isthevehicles“loc kedinertia matrix” (consideedin theab-
senceofthe uid), andthesecondermis theclassicaladded
uid massf/inertiaThematrix| A 2 R " hasentries

Z
%

(AN = o)1 5 (R A om) + K A en)ds

9)

Thelocal connectiorform, A, canbecomputechs

A(s) = 11 1(s) (1 A)(s):

As an example, assumethat the boundaryof a circular
amoeba-like vehiclewith nominalradiusry candeformac-
cordingto thethree“modes”seenin Figurel. Theamoebas
radius,R, ateachboundarypointis

R(%r) = ro[1+ 2(r1cos(B) + rpcos(F) + rssin(3%))]

where? is a small parameteiprescribingthe deformations

magnitudeandr(t);r,(t); r3(t) representhe threedefor

mationmodes The 15t and2"¥ modestogethelyield motion
in thex-direction,the 15t and3"9 modestogetheryield mo-

tion in the y-direction,andthe 2" and3'® modestogether
yield motionin the p-direction. Basedon formulas(8) and
(9), onecanshaow [11] thatthelocal connectiorform for this

exampleis

2 3
ro(li ®re rory 0
A =224 ro(lj ®rs 0 fror:1  5+0(2%)
0 | 2Varo?Vars  2Yaro? Vo

M M
where® = (2¥3A=(M + Y 3% andg g= [x;y; 4.
3.2 CarangiformLocomotion

Thesimple sh-lik e robotdiscussedh this paperandrelated
earlierworks [5, 10, 12, 14] consistsof a planarthree-link
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Figure 2: Modelfor carangiformlocomotion.

mechanismmmersedn water(seeFig. 2). The orientation
of the peduncleandtail joints aredenotedby r = [As; As]T,
and are measuredvith respectto the main body reference
frame. The forcesacting on the systemare lift on the tail
anddragonthebody The comparatrely smalleffectsof lift
on the body, form drag on the tail, skin friction, and shed
vorticity areignored. As discussedn [14], the dragfor a
translatingandrotatingplateis takento be
z L+a

k»((a+ s)er) £ erk»((a+ s)e;)ds

L.
zi a

1
FD = EJ/ZQh
andtheassociatednomentto be
Z Lia
k»((a+ s)er)£ erk(»((a+ s)e1)£ e;)sds

I
zi a

M D — %%Qh
where¥zis the uid density | is the platelength, Cy4 is the
plate's dragcoefcient whenits velocity lies in they direc-
tion, h is the plate height, a is the differencein positionbe-
tweenthe plate's centerof massandcenterof geometryand
»((a + s)e;p) is anin nitesimal generatorgiving the body-
x edvelocity of the plateat the pointa + s alongthe body.
Thevalueof s variesfrom Ii i ato |§ + a, andtheunit vector
e; isin thedirectionof thebody- xedx axis. Thelift acting
ona at plateis

FL = Y42 »c £ &) £ »

where». is the velocity at the plate's quarterchordpoint as
measuredh thebodyframe,g, is aunit vectorpointingalong
the plate toward its leadingedgeand A is the plate's area.
Theseequationsare a simpli cation via reductionof those
from [14], in recognitionof the positioninvariantnatureof
thelift anddragforces.

4 Averaging

Oscillatory actuationis a natural approachfor achieving
full control of shape-controlledinderactuatednechanical
systems. Averagingtheory a useful tool for simplifying
comple systemsundegoing periodicforcing, corvertsthe
nonautonomousector elds into autonomouwector elds.
Theretainedime-areragedermsilluminate the contribution
of the oscillatory controls. Theseaveraging coefcients are
denotedby

V() = R(;ROS“ : ¢¢¢ROS2 V3(sy)dsy ¢0¢dsy,; 1:
Forthecasewheretherearemultiple upperandlowerindices,
assumehatthey aretheproductof theabove typeof integral.



As anexample
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oefcient resultsin anav-
o V(t)dt. Additionally de-

Thetime averageof anaveragi
eraged coefcient , V(t) = +

(@ — @ . (@)
ne Vit = Vi) i Vi) andfor the multi-index version
(A) — y(A) o \(A) = Co e
V(N) = V(N) i V(N) where(A) = (ai;ap; i aaj) and

(N) = (ng;nz; 5 njng).

Controlsystemsareusuallyclassednto two cateyories:with
or without drift. Prior work on averagingfor underactuated
mechanicakystemshasprimarily focusedon thosesystems
for which accessibilityand controllability can be achieved
with rst orderLie braclketsor symmetricproducts.As dis-
cussedn [21, 22], however, anumberof interestingsystems
requirehigherordereffectsin orderto achiere afull rangeof
motions. The carangiform sh robotis a particularexample
of sucha systemasit canrealizea turning maneuer using
secondlevel symmetricproducts. Previously ([21]) the au-
thorsdevelopeda second-ordeaveragingtechniqueor such
systemawith drift. Similar resultshold for systemsawithout
drift. Below we rst presentanew theoremfor driftlesssys-
tems followed by the analogousesultsfor thosewith drift.

Considetthedriftlessaf ne controlsystem,

a= Ya(qu®(a;t);

de ned on somedomainD Y2 R".
ud(g;t) = fa(q) + va(t=2),

9= Ya(a)f *(q) + Ya(a)v®(t=?)

wherev?(t) areT -periodicfunctionswith zeroaverageand
f 2(q) is a statedependentermthatcanbe usedto stabilize
thedirectly controlledstates.A transformatiorof time puts
it into therequiredaveragingform,

(10)

For oscillatory inputs

11)

dq

@ = Ya(@f (a) + 2Ya(@vi(t): (12)
<

Theorem 2 Considerthe system(11) and the initial value
problem

2(2)f 2(2) + ZVEf;(t) Ya(2): VoD °(2) 3)

+2VE (1) [Ya(2); Yo(2)]

Z_:

with z(0) = . If thecontrol vector elds andtheinputsare
Lipsditz continuousn thestate continuousn bothstateand
time andthesolutionz(t) 2 D, thenq(t) i z(t) = O(?) as
21 Oonthetimescalel. Furthermoe, q(t) j z(t) = O(?)
as2 ! Ofor all timeif z = 0 is an asymptoticallystable
critical pointof thelinear approximationof (13).

Proof: Seeappendix.

Systemswith drift have an analogousstructurewith added
termsrepresentinglynamiceffects. A standardorm for os-
cillatory controlof systemswith drift is
1 a
X = S(X) + Yo(x) i D(x)+ ;Ya(x)v(t=2)  (14)

wherex = (q;q), S(x) is the drift, Yo(x) denotesstate-
feedbackerms,andD (x) denotedglissipatve terms.

Theorem 3 (Secondorder averaging[21]) Consider the
systen{14) andtheinitial valueproblem
2= S(2)+ Yo(2) i D(2)i V(g hYa : Yoi
+22VED ) [Ya;S+ Yo i DIi[YsiS+ Yoi DI
i L2 vgﬁjg(t), Ve v ¢hYa 1 Y @ Yoii
+12 20VEN (e VED M) i o vED (o)de
g‘ig(t) ¢[NYa : Yoi:;hYe : Yqi]
(15)

with z(0) = Zzy. If the contol vector elds and input
forcing are smoothfunctionsof their respectivearguments,
and the Lie bradket propertiesof (3) and (5) hold, then
x(t) i ©f(z(t)) = O(2) as2! O0onthetimescalel. Fur-
thermoe x(t) j ©9(z(t)) = O(x(?)) as2 ! Ofor all t, if
z = Ois anasymptoticallystablecritical pointfor thelinear
approximationof the systenin (15).

5 Motion Generation

In orderto tracktrajectoriesyve mustbeableto generateno-
tionin arbitrarydirectionsin statespace In thetwo classe®f
systemawhich we areconsideringthesedirectionsarechar
acterizedby Lie bracletsfor kinematicsystemsandsymmet-
ric productsfor con guration controllabledynamicsystems
(for adiscussiorof con guration controllability, see[7]).

Motion generationand openloop trajectory tracking have
beenstudiedextensiely for driftlessnonholonomicsystems
[8, 15, 17, 20]. However, while it is straightforvard to
generatemotion alongone Lie braclet direction, trajectory
trackingrequiressimultaneoushandindependenthgenerat-
ing motion alongall directionsnecessaryor controllability.
As we shaw in this sectionandthe next, this taskcanbe ac-
complishedhroughappropriataiseof feedback.

In systemsof the form (10), m statesare directly con-
trolled, and Lie braclets are formed from the vector eld

Ya. Asis known from the above referencesgeneratingno-
tion along a direction correspondingo a Lie braclet B of
orderp canthen be accomplishedwith inputs of the form
A = ®cosp! t); A, = sin(! t). At leastonevector elds

Y. will occuronly oncein B. We thenassignd, to the con-
trol inputu, andA,; to the controlsthat correspondo the
remainderof the vector elds occurringin B. To indepen-
dently generatemotionin all directionssimultaneouslywe



superimposg¢he controlsfor eachdirectionandusea differ-
entfrequeng bandfor eachmotion. We will assignfrequen-
ciesstartingwith rst level Lie braclet motionsandwork up
throughincreasindevels. Startwith ! ; = 1. Letp; betheor-
derof thenext Lie bracletto have anassignedrequenyg and
pi; 1 theorderof theLie braclet for the previously assigned
frequeng. Thenwe choosehenew frequeny
Y2
piliza+ 1
pii l! ij1 + 1;

if pi = pija
ifp > P (16)
andsubscripthe corresponding® as® . This choiceof con-
trols will move the systemindependentlyin ary direction,
andthe amountof motionin the differentdirectionscanbe
scaledwith the useof ®. Superimposinghe contritutions
from eachbraclet to be generatedesultsin controlsof the
form
P P
ud(t) = @ cosfi!it) + i sin(! jt): a7)
Mattersare a bit more dif cult for dynamicsystemsput a
correspondingesultholds. Speci cally we areinterestedn
systemswhich are con guration controllablewith symmet-
ric productsup to secondlevel. If the system(14) is con-
guration controllableof order2, we know thatthereexists
a setof linearly independenvector elds Y,, hYy @ Ypi,
hY. : hYp : Ycii thatspanR". For the elementsYy, =
hYa : Ypi fromthissetde ne
33 = @up cOS( apt); 35, = coS( apt); (18)
where, ap 2 Z*, the ®,, arescalarconstantaandthe | ap
arechosenasin (16) with p = 1. For the elementsYgp. =
hY, : hYy : Yciidene
»;bc = ®apc COSC" , abct); »Iatl)c = COS(" l ,anct)  (19)
where, apc 2 Z" andthe ®,,. arescalarconstants.Unless
a = b= c, atleastoneindexin hYy : hYp : Ycii occurs
uniquely To the control correspondingdo this uniqueindex
assign»), ., andto the othertwo assign»;.. If anindex is
repeatedchoos®' = 2and®'' = 1. If noindexisrepeated,
choose' = 3, andassigm»., . tou?. To uP assigm»!!  with

abc abc

oll = 2, andtou® assigm!} . with°'' = 1. Thefrequencies

. abc arechoseraccordingto
L1112 = 3, miLms Lijk = Lfijkgi 1T 3,mjm + L
Now sumthe appropriatecomponentso get

ud(t) = P Lo3a 4

i i ik %k (20)

6 TrajectoryStabilization

Giventhe previous averagingand motion generatiorresults,
we cannow applystatefeedbacko stabilizeundervatersys-
temresponséo adesiredrajectory

For driftlesssystemsontrollablewith rst level Lie braclets,
suchas the amoebathe systemaveragewas given above.

Motivatedby this resultandthosein [8, 17], we canassume
thatary kinematicsystemcontrollablewith Lie bracletsup
to level p with inputs(17) canbe expresseds

2= Ya(2)f '@+ L'(2Hi(® = L(QH(®)
i=1

(21)

whereL ' (z) is amatrixwhosecolumnsareall theLie brack-
etsof leveli andH; (®) arethe correspondingrarameterized
coefcients from the previoussection.

Theorem4 Considera kinematicsystemof the form (10),
which is contollable with Lie bradkets up to level p and
whete the dimensionof the subspacespannedy the brack-
etsat leveli is nj. Assumehat there exist functionsof the
form (17) sud that the linearization of H (®) with respect
to®at ® = 0 is invertible on the subspacedo contrmol, and
let z(t) pe the averaged systenresponse Thenthere exists

K 2 RU "E£" gy thatfor
®=j aKz(T bt=Tc)

P
whee® 2 R ™ anda 2 R MEMI ™ e havethe
stabilizedaverage systenresponséim;;;  z(t) = O:

Proof: Seeappendix.

Using the averagedsystemresponsdor a secondordersys-
temwith the parameterizedontrols(20), we canrewrite the
averageddynamicsas

z2=5(2) + Yo(2) i D(2) + B(2)H(®) (22)

Theorem5 ([21]) Considera medanicalsystenoftheform
(14),whichis con gurationcontmwollablewith r standsecond
level symmetricproducts,and whele the dimensionsf the
spacespannedy Yy, hYy : Ypi,andhYy @ hYy @ Ycii

are respectivelym, ngp, and ngye.. Assumehat there exist
functionsof the form (18) and (19) sud that the lineariza-
tion of H (®) with respecto ® at ® = 0 is invertible on the
subspaceo contmol, andlet z(t) bethe avelaged systenre-

sponseThenthere existskK 2 R * Nae )£ 20 gy that for

®=j aKz(Tht=Tc) (23)
whee®2 R"®* " gngo 2 R MEMI M) s aninvert-
ible matrix, we havethe stabilizedaverage systenresponse
|im1!1 Z(t) =0:

7 SimulationResults

To demonstrat¢heseideas,we will considerthe two exam-
ple systemdntroducedabore. As discussedthe amoebas
a driftless, kinematic systemand the sh is an underactu-
atedmechanicakystem. Using the threemode shapedlis-
cussedn Sec. 3, the amoebais free to move in the plane
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Figure 3: Trajectorytrackir%for amoeba-lile system.

andis thuscontrollable.Simulationresultsfor a desiredhe-
lical trajectoryare shovn in Fig. 3 for M = 0:01kg and
ro = 0:2m. Theorientationremainedcconstantwhile theer

ror wasat moston the orderof 3% of bodyradii. The shape
wentthroughabout1000iterationsandtraveled a total dis-

tanceon the orderof 6 body radii, which is consistenwith

thecalculationin [11].

As derived, the carangiform sh is describedby Hamels
equationg6) andmoregenerallyby (2). A symmetricprod-
uct canbe usedto generatdorward locomotion,andthe Lie

bracletbetweerthedrift andthe peduncleanglecontrolvec-
tor elds canbe usedto generataotationwhile in motion.
While thiseffectcomedrom a rst level Lie braclet,aslower
turn canalso be effectedthrougha secondevel symmetric
product.Studyof sucheffectsrequireshe higherorderaver

agingandmotiongeneratiortreatedabose. Resultsfor such
effectscanbe foundin [14, 15]. The rst ordersymmetric
productandLie braclet for this systemevaluatedat the ref-

erencecon guration ([A;; A;] = [0;0]) for typical physical
parametergsee[15]) give, for thegroupvariables,

hY: : Yai % (0:15 0; 0)'
[Y1:S+ Yoi D] Y (f(»;); 0:27; | 1870%)"

wheref is afunctionof thelateralandrotationalbodyveloc-

ities, » and»s, respectrely. The symmetricproductdemon-
strateghatforwardlocomotionis theoreticallypossible.The

Lie bracletshavsthataturningmotionis achiezable;it must
be mentionedthat the lateral translationand the turning do

not opposeeachotherin directing the carangiform sh to

reducethe error Thus, in the planewe have rudimentary
controlover forward motionandbearing which canbe used
for locomotion. Theresultsof trackinga straightline along
thex-axisgivenaninitial positionerrorareshavn in Fig. 4.

Steadystateerroris within 5% and could be eliminatedby

including anintegral termin the feedbackcontrol functions
(23). Actual experimentakesultscanbefoundin [15].
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Figure 4: Trajectorytrackingfor carangiformsh.

8 Conclusion

The mechanicof deformableundervaterpropulsorsoperat-
ingin simple uids satisfyseveralpropertieghatholdin most
operatingregimes. Furthermore we have found that oscil-
latory controlsand averagingtechniquesapply quite gener

ally to suchsystemsTheir Lie-algebraicstructuresimpli es

theaveragingprocesdor systemswith drift andtheir typical
SE (3) invarianceallows for reduction.

Two examples anamoeba-lik swimmeranda carangiform-
like mechanismillustratedthesedeas.By usingsimplifying
uid dynamicprinciples,both modelswererenderednite-
dimensional andthereforetractable. The amoebacan suc-
cessfullytrack nearlyarbitrary planartrajectorieswhile the
carangiformsystencantrackstraightandcurvedtrajectories.

Ongoingresearchseeksto more deeplyunderstandhe uni-
versalnatureof suchsystemsat a more fundamentalevel,
speci cally with theinclusionof uid dynamicsn theprinci-
palbundlestructure. Theaveragingprocesgo arbitraryorder
will alsobe critical for more complicatedsystemsequiring
higherorderbraclets.
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A Proofs

Proof of Theorem2: We will usethetheoremof Sanders
and Verhulst [18] as it appliesto afne control systems.
Transformtime to theform in (12). For the average we will
needto calculate

2= ?F(2) + *G(2):
The rst orderaverageis easilyseeno be

E(2) = Ya(2)f 2(2):

The secondrdertermbeginswith
"z t

G(z;t) = Ya(z)va(z de Yo(2)VP(z; t)

I\Jll—‘

Usinglinearity of theLie braclet,

hR i
G(zit)= ;3 IG;RY(,ﬂ(z)f *(@d V(@)1 °(2) |
*3 h|_-\9t Ya(z)u?(t)d¢; Yo(2)f b(Z)i ”
+3 tht Ya(2)f 2(2)d¢; Yb(z)ub(t)i
+1 0 Ya(@uA(t)de; Yo(2)uP(t)

From the time independenc®f the vector elds, andthe
skaw-symmetryof the Lie braclet, the rst term vanishes.

For theaveragewe get .
Ry "R i

LT oTR I(;;RYa(Z)ué‘(t)dc;;Yb(z)f b(z) (Ijt

vy hRf; Ya(2)f 2(2)d¢; Yb(Z)Ub(t)i dt

& o o Ya@UDAE Ye(2)uP() dt:

G(z) =

2
+

Using integration of productsandthe zero-aerageassump-
tion of the time dependeninputs, the two mixed termscan

beconsolidatedMoving thetime dependentoefcients out-

sidethelLie braclets

G(2) = vzf;(t) Ya(2): Vo2 () + vgf?);(t) [Ya(2): Yo(2)] :

All togethe,rtheaveragedsystems

Ya@1 2@ 1 VG0 Y@ e @)

+ 12V (1) [Ya(2): Yo(2)]

which after a transformatiorof time, andapplicationof the
relevanttheoremsn [18] givesthedesiredresults. m

Proof of Theorem 4:  Giventhe assumption®n the sys-
tem, the averagedsystem(21) is controllable. Linearizing
the systemwith respecto z and®yields
_@LH@)- @ 0
Z @ om0 z+ B(0) @® Az B ®:
(25)
For the averagingresultto hold, the systemparameters®
mustbe constanbver whole periods.Allowing the valuesof
theparameterto bemodi ed atthe endpointof eachwhole
periodresultsin adiscretetime systemthedynamicsareob-
tainedby directintegrationof (25):
Zq
z(T) = T z(0) + T

i A A 0 .

e ~edg B ® (26)
To performthis computationnotethatthe matrix A canal-
ways be block diagonalizedby a statespacetransformation
suchthat the real part of the eigervaluesof the upperleft
block (of dimensionm £ m) correspondo the stateghatare
directly controlledandin the averageareall negative, those
of the middle block areeitherpositive or negative andthose
of the lower right block areall zero. We will assumehatA
in (26)isin thisblock diagonaktructure Now we effectively
have thediscretejinearsystem

z(h+ 1) = Az(h) + B®h)
whereA = diage?:T;e*2T; 1] andB = 0. 0
M Bj
with _ ¢
M P2 TALL'| | e A2T 0 :
0 T+ 1723,

wherel isamatrixwith onesonthesuperdiagonandzeros
elsavhere. The proofis cgmpletedoy nding ary matrix K
il

suchthatwith ®&h) = | M Bj Kz(h) = j eKz(h),
theeigervaluesof A | BK = arewithin theunitcircle. m



