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Abstract: Thispaperconsiders underwaterpropulsionthat
is generated by variations in body shape. We summarize
andextendsomeof theemergingapproachesfor theuniform
modelingand control of such underactuatedsystems.Two
examplesillustratetheseideas.

1 Introduction

This paperconsiderstheself-propulsionof deformablebod-
ies in (primarily ideal) �uids. We areprincipally motivated
by aninterestin roboticunderwatervehiclesthatpropeland
steerthemselvesby changesin shape(e.g. [11, 13, 15] and
thereferencestherein),ratherthanby conventionalpropellers
andmaneuvering surfaces. The purposeof this paperis to
suggestthatacommonframework for analyzingandcontrol-
ling thesesystemsis emerging. On the mechanicsside,the
useof symmetryandreductionprinciplesleadsto governing
equationsthathaveusefulgeometricstructure[1, 11,13]. On
thecontrolside,we introduceaveraging-basedcontrolmeth-
odsthataresuitedto thestabilizationof suchunderactuated
systemsby periodicfeedback.

Thebiologically-inspiredsystemswe considerhereproduce
propulsiveforcesthroughtheuseof oscillatoryshapechange,
andoneappropriateliteraturefor motiongenerationin sim-
ilar systemscomesfrom the useof feedforward sinusoidal
controlinputsfor kinematicanddynamicunderactuatedcon-
trol systems[3, 6, 8, 17]. Extendingthesefeedforward re-
sults to appropriatefeedbackinputs that producestabiliza-
tion andtrackingin the generalsettingis nontrivial andthe
constructionoftendif�cult, but resultsareavailablefor par-
ticulardriftlesssystemstructures[2, 4, 16, 20]. Recently, the
useof averaginghasproducedoscillatory feedbackresults
with simpler constructionthat apply to classesof con�gu-
ration controllabledynamicsystems[4, 21]. Herewe show
theextensionof the relevantaveragingandfeedbackresults
to driftless control systems. We illustrate theseideaswith
two examples:an amoeba-like systemanda simpli�ed pla-
narmodelof acarangiform�sh.

2 UnderwaterMechanicalSystems

A deformableswimmer's con�guration canbe decomposed
into two typesof coordinates.The“group” or “position” co-
ordinates,denotedby g, describethelocationof abody-�xed
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referenceframerelativeto a�x edreferenceframe.Theseco-
ordinatesform theLie groupSE(3), or oneof its subgroups.
The “shape”variables,denotedby r , describethe vehicle's
internalcon�guration. Togetherthesevariablesform a prin-
cipal bundle. The vehicle's positionandorientationare in-
directly controlled:shapevariationscouplethroughphysical
constraintsto generatemotionin thegroupvariables.

2.1 LagrangianMechanics

In the most generalform, the mechanicsof a deformable
swimmercanbe quite involved. As the body deforms,the
�uid is perturbed.Theperturbed�uid in turn in�uencesthe
body's motion. Thus,the generalprobleminvolvesa setof
coupleddynamicson an in�nite dimensionalphasespace.
WeadoptaLagrangianviewpointfor thesesystems.Neglect-
ing potentialenergy termsfor the moment,the Lagrangian
consistsof thekineticenergy of thebodyandthe�uid:

L =
1
2

_qT M (q) _q +
½
2

Z

D
m( _Ât ; _Ât )¹

whereq = [gT ; r T ]T is thevehiclecon�guration,Ât denotes
a �uid particle position at time t, M and m are the rigid
body and�uid kinetic energy metrics,and¹ is the volume
element.The �uid of density½�lls a domainD outsidethe
body. Thesystemmayalsobesubjectto constraints(e.g.the
Kuttaconditionon lifting surfaces).

While the generalproblemof �uid modelingfor control is
beyondthescopeof this paper, we notethatprogresscanbe
madeby usinginherentsymmetriesandby makingsimplify-
ing assumptionson thenatureof the�uid �o w to reducethe
systemto a �nite dimensionalstatespace. The two exam-
plesin thispaperaremadetractableby this line of reasoning.
We �rst consideranamoeba-like model,whosesurrounding
�o w canbe well-approximatedby potential�o w. The sec-
ond example,which modelsa real planarrobot �sh proto-
type,achievessimplicity becausethe in�uence of shedvor-
ticity on thebody's movementis ignored.In theseexamples
andothers,the�uid �o w canbereducedto a functionof the
body's velocity. We henceforthassumethis simpli�cation in
ourcontroldevelopments.

Essentiallyall deformableswimmers�t within the classof
generalmechanicalsystems,whoseequationsof motion as
derivedfrom theLagrangiantake theform

M (q)Äq + C(q; _q) _q + B (q) = E(q; _q) + X̂ a(q)va(t)



wheresummationover upperandlower indicesis assumed,
q 2 Rn , u 2 Rm , M is themassmatrix (or kinetic energy
metric), C containsCoriolis andcentrifugal terms,B con-
tainspotentialforcessuchasgravity, E areappliedforceson
thesystem(suchasdrag),andX̂ arethecontrolvector�elds.
Typically E decomposesinto state-feedbacktermsE0(q; _q),
dissipative forces¡ E1(q) _q, and external forcing E2(q; _q).
Solvingfor accelerationgives

Äq = S(q; _q) + X 0(q; _q) ¡ D (q) _q + X a(q)va(t) (1)

where the drift term is S(q; _q) = ¡ M ¡ 1(q)(C(q; _q) +
E ( q; _q) + B (q)) , and the drag term is D(q) _q =
M ¡ 1(q)E1(q) _q. Thetime-varyingvector�elds areX a(q) =
M ¡ 1(q)X̂ a(q), while the time-invariantstatefeedbackcon-
trolsarecontainedin X 0(q; _q) = M ¡ 1(q)E0(q; _q).

The above system(1) canbe convertedto �rst orderrepre-
sentation.Lettingx = [qT ; _qT ]T , theequationsbecome

_x = S(x) + Y0(x) ¡ D (x) + Ya(x)va(t) (2)

with x(0) = x0. Systemsof this type have many favorable
mathematicalproperties,including Lie-algebraicones[19].
For example,the Jacobi-Liebrackets betweeninput vector
�elds of amechanicalsystemvanish:

[Ya ; Yb] = 0: (3)

TheJacobiidentity implies that [Ya ; [S; Yb]] = [Yb; [S; Ya ]].
Hence,onemayde�ne asymmetricproduct

hYa : Yb i = [Yb; [S; Ya ]] : (4)

A secondimportantequalityis thefollowing:

[Yc; [Yb; [Ya ; S + Y0 ¡ D ]]] = 0; (5)

whichoccurswhenthepolynomialdependenceof thevectors
�elds S, Y0, andD do not exceedorder2 in the velocities,
which is truefor mostmechanicalsystems.

Theprincipalbundlestructureof thecon�guration spaceal-
ludedto earliercanbeusedto obtainfurtherre�nements.Al-
mostuniversally, theLagrangianandtheinherentmechanical
constraintsof deformablepropulsorsare invariant with re-
spectto theLie groupSE(3) or oneof its subgroups.Conse-
quently, onecanapplyreductiontheory[1, 9] to simplify the
resultingequationsof motionandto exposeusefulgeometric
structurein themechanics.In theabsenceof constraints,the
equationsof motionaregivenby Hamel's equations[1]:

d
dt

@L
@»

= ad¤
»

@L
@»

+ F»;
d
dt

@L
@_r

=
@L
@r

+ Fr ; (6)

where» = g¡ 1 _g is the vehicle's velocity (in body coordi-
nates),F» = F»(g; r; »; _r ) andFr = Fr (r; _r ; t) are forces
actingonthemechanismin thepositionandshapedirections,
andL is thesystemLagrangian.Additional�o w assumptions

canleadto furthersimpli�cations. For example,in thepres-
enceof momentumpreservationconstraints,reductionprin-
ciplesleadto reducedequationsof theform [11]:

g¡ 1 _g = ¡ A(r ) _r + (¤ gg)¡ 1 (r )p
_p = ad¤

»p
M (r )Är = T(r )¿ ¡ B (r; _r )

wherep is a bulk systemmomentum(in body coordinates),
and ¿ denotesthe “shape forces.” With respectto the
amoeba-like example,this structurearisesfrom the overall
conservationof body/�uid momentumdueto theSE(2) in-
varianceof theLagrangian.The �rst equationis termedthe
reconstructionequation, with A beingthe local connection
and¤ gg the locked inertia tensor. The secondequationde-
scribesthe momentumevolution (in body coordinates).In
spatialcoordinates,this momentumis constant.In the case
of zeroinitial momentum,themomentumevolution is trivial.
Thethird equationdescribesthe“shape”dynamics.Assum-
ing that we have completecontrol over the shapevariables,
in thezeromomentumcase,thesystemequationscanbeput
into the form of a driftless af�ne control system(10) with
q = [gT ; r T ]T thestateand _r thecontrolinputs

·
_g
_r

¸
=

·
¡ gA(r )

I

¸
_r ) _q = Ya(q)va (7)

This equationshows the importanceof the local connection
to theseproblems. In the moregeneralcasewhenthe �uid
motionis not a functiononly of thevehicle's motion,gener-
alizationsof theconceptsreviewedhereapply.

3 Representative Systems

We considertwo deformableunderwater propulsors. The
�rst example,anamoeba-like locomotor, representssystems
dominatedby added-masseffects,while thesecondexample,
a carangiform-like robot�sh, representssystemswith strong
inertial andlifting effects. This sectionbrie�y describesap-
propriatesystemmodels. More detailscanbe found in the
references.

3.1 An Amoeba-like Propulsor

Realamoebaearemicroscopicallysmall. They operateat a
very low Reynoldsnumber, andthe relevant �uid equations
arethoseof creeping�o w1. However, theReynoldsnumber
of a macroscopic“robot amoeba”operatingin waterwould
be muchhigher. We thusmake the reasonableidealization
that the amoebais a connecteddeformablebody swimming
throughan inviscid and incompressible�uid. We also as-
sumethatthe�uid is irrotational,andthattheamoebacannot
generatevorticity–i.e., theamoebadoesnot have sharp�ns.
Thepositionof thebody's centerof massandtheamoeba's
orientationare denotedby g 2 SE(2) relative to a body-
�x ed frame. Any “amoeba”robot which we might actually
constructwould have a �nite numberof actuators.Hence,
we assumethebody's boundarycanbedescribedby a �nite
numberof shapevariablesr .

1Surprisingly, creepinḡ ow canalsobeput in this framework.



Figure 1: Amoeba-likesystemwith threedeformationmodes.

The kinetic energy of the amoeba-�uid systemconsistsof
both the swimmer's and the �uid' s kinetic energies. Using
thegroupinvarianceof theLagrangian,andletting Á denote
the�uid potential,onecanshow thefollowing.

Proposition1 ([11]) TheG-invariantkineticenergyof a de-
formablebodyin a potential�ow hasthereducedform

Ttotal (r; _r ; ») =
1
2

[»T ; _r T ]
·

I I A
AT I m

¸ ·
»
_r

¸

where I 2 R6£ 6 is the“loc kedaddedinertia” matrixwith

(I ) ij = ¤ gg
ij (r ) ¡

½0

2

Z

§
(Ág

i (r Ág
j ¢n)+ Ág

j (r Ág
i ¢n)) dS (8)

where ½0 is the �uid density, » = g¡ 1 _g, and the potential
takesthelinear form:

P
i Ág

i »i +
P

j Ás
j _r j . Theterm¤ gg(s)

is thevehicle's“loc kedinertia matrix” (consideredin theab-
senceof the�uid), andthesecondtermis theclassicaladded
�uid mass/inertia.Thematrix I A 2 R6£ n r hasentries

(I A) ij = ¤ gs
ij (s) ¡

½0

2

Z

§
(Ág

i (r Ás
j ¢n) + Ás

j (r Ág
i ¢n))dS:

(9)
Thelocal connectionform,A, canbecomputedas

A(s) = I ¡ 1(s)( I A)(s):

As an example, assumethat the boundaryof a circular
amoeba-like vehiclewith nominalradiusr 0 candeformac-
cordingto thethree“modes”seenin Figure1. Theamoeba's
radius,R, ateachboundarypoint is

R(¾; r ) = r 0[1 + ²(r 1 cos(2¾) + r 2 cos(3¾) + r 3 sin(3¾))]

where² is a small parameterprescribingthe deformation's
magnitude,andr 1(t); r 2(t); r 3(t) representthe threedefor-
mationmodes.The1st and2nd modestogetheryield motion
in thex-direction,the1st and3r d modestogetheryield mo-
tion in the y-direction,andthe 2nd and3r d modestogether
yield motion in the µ-direction. Basedon formulas(8) and
(9), onecanshow [11] thatthelocalconnectionform for this
exampleis

A = ²2

2

4
r 0(1 ¡ ®)r 2 r 0 r 1 0
r 0(1 ¡ ®)r 3 0 r 0 r 1

0 ¡ 2 ¼r 0
2 ½r 3

M
2 ¼r 0

2 ½r 2
M

3

5+ O(²3)

where® = (2¼r 2
0½)=(M + ¼r 2

0½) andg¡ 1 _g = [ _x; _y; _µ]T .

3.2 CarangiformLocomotion

Thesimple�sh-lik e robotdiscussedin thispaperandrelated
earlierworks [5, 10, 12, 14] consistsof a planarthree-link
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Figure 2: Model for carangiformlocomotion.

mechanismimmersedin water(seeFig. 2). Theorientation
of thepeduncleandtail joints aredenotedby r = [Ã1; Ã2]T ,
and are measuredwith respectto the main body reference
frame. The forcesacting on the systemare lift on the tail
anddragon thebody. Thecomparatively smalleffectsof lift
on the body, form drag on the tail, skin friction, and shed
vorticity are ignored. As discussedin [14], the drag for a
translatingandrotatingplateis takento be

FD =
1
2

½Cdh
Z l

2 + a

l
2 ¡ a

k»((a + s)e1) £ e1k»((a + s)e1)ds

andtheassociatedmomentto be

M D =
1
2

½Cdh
Z l

2 + a

l
2 ¡ a

k»((a+ s)e1)£ e1k(»((a+ s)e1)£ e1)sds

where½is the �uid density, l is the plate length,Cd is the
plate's dragcoef�cient whenits velocity lies in the y direc-
tion, h is theplateheight,a is thedifferencein positionbe-
tweentheplate's centerof massandcenterof geometry, and
»((a + s)e1) is an in�nitesimal generatorgiving the body-
�x edvelocity of theplateat thepoint a + s alongthebody.
Thevalueof s variesfrom l

2 ¡ a to l
2 + a, andtheunit vector

e1 is in thedirectionof thebody-�xedx axis.Thelift acting
ona �at plateis

FL = ¼½A(»qc £ et ) £ »qc

where»qc is thevelocity at theplate's quarterchordpoint as
measuredin thebodyframe,et is aunit vectorpointingalong
the plate toward its leadingedgeandA is the plate's area.
Theseequationsare a simpli�cation via reductionof those
from [14], in recognitionof the positioninvariantnatureof
thelift anddragforces.

4 Averaging

Oscillatory actuation is a natural approachfor achieving
full control of shape-controlledunderactuatedmechanical
systems. Averaging theory, a useful tool for simplifying
complex systemsundergoing periodic forcing, converts the
nonautonomousvector�elds into autonomousvector�elds.
Theretainedtime-averagedtermsilluminatethecontribution
of the oscillatorycontrols. Theseaveraging coef�cients are
denotedby

V (a)
(n ) (t) =

Rt
0

Rsn ¡ 1

0 ¢¢¢
Rs2

0 va(s1)ds1 ¢¢¢dsn ¡ 1:

For thecasewheretherearemultipleupperandlowerindices,
assumethatthey aretheproductof theabovetypeof integral.



As anexample

V (a;b)
(1 ;1) (t) = V (a)

(1) V (b)
(1) =

³ Rt
0 va(s1)ds1

´ ³ Rt
0 vb(s1)ds1

´
:

Thetimeaverageof anaveragingcoef�cient resultsin anav-
eraged coef�cient , V(t) = 1

T

RT
0 V( t)dt. Additionally de-

�ne ~V (a)
(n ) = V (a)

(n ) ¡ V (a)
(n ) and for the multi-index version

~V (A )
(N ) = V (A )

(N ) ¡ V (A )
(N ) where(A) = (a1; a2; :::; ajA j ) and

(N ) = (n1; n2; :::; njN j ).

Controlsystemsareusuallyclassedinto two categories:with
or without drift. Prior work on averagingfor underactuated
mechanicalsystemshasprimarily focusedon thosesystems
for which accessibilityand controllability can be achieved
with �rst orderLie bracketsor symmetricproducts.As dis-
cussedin [21, 22], however, a numberof interestingsystems
requirehigherordereffectsin orderto achieveafull rangeof
motions.Thecarangiform�sh robot is a particularexample
of sucha systemasit canrealizea turning maneuver using
secondlevel symmetricproducts. Previously ([21]) the au-
thorsdevelopedasecond-orderaveragingtechniquefor such
systemswith drift. Similar resultshold for systemswithout
drift. Below we �rst presenta new theoremfor driftlesssys-
tems,followedby theanalogousresultsfor thosewith drift.

Considerthedriftlessaf�ne controlsystem,

_q = Ya(q)ua(q; t); (10)

de�ned on somedomainD ½ Rn . For oscillatory inputs
ua(q; t) = f a(q) + va(t=²),

_q = Ya(q)f a(q) + Ya(q)va(t=²) (11)

whereva(t) areT-periodicfunctionswith zeroaverage,and
f a(q) is a statedependenttermthatcanbeusedto stabilize
thedirectly controlledstates.A transformationof time puts
it into therequiredaveragingform,

dq
d¿

= ²Ya(q)f a(q) + ²Ya(q)va(t): (12)

Theorem2 Considerthe system(11) and the initial value
problem

_z = Ya(z)f a(z) + ²V (a)
(1) (t)

£
Ya(z); Yb(z)f b(z)

¤

+ ²V (a;b)
(1 ;0) (t) [Ya(z); Yb(z)]

(13)

with z(0) = q0. If thecontrol vector�elds andtheinputsare
Lipschitzcontinuousin thestate, continuousin bothstateand
time, andthesolutionz(t) 2 D , thenq(t) ¡ z(t) = O(²) as
² ! 0 on thetimescale1. Furthermore, q(t) ¡ z(t) = O(²)
as ² ! 0 for all time if z = 0 is an asymptoticallystable
critical pointof thelinear approximationof (13).

Proof: Seeappendix.

Systemswith drift have an analogousstructurewith added
termsrepresentingdynamiceffects.A standardform for os-
cillatory controlof systemswith drift is

_x = S(x) + Y0(x) ¡ D (x) +
1
²

Ya(x)va(t=²) (14)

wherex = (q; _q), S(x) is the drift, Y0(x) denotesstate-
feedbackterms,andD(x) denotesdissipative terms.

Theorem3 (Secondorder averaging [21]) Consider the
system(14)andtheinitial valueproblem

_z = S(z) + Y0(z) ¡ D (z) ¡ V (a;b)
(1 ;1) hYa : Yb i

+ 1
2 ² V (a;b)

(2 ;1) (t) [[Ya ; S + Y0 ¡ D ] ; [Yb; S + Y0 ¡ D ]]

¡ 1
2 ²

³
V (a;b;c )

(2 ;1;1) (t) ¡ V (a)
(2) V (b;c)

(1 ;1)

´
¢hYa : hYb : Yc i i

+ 1
4 ²

³
1
2

Rt
0 V (a;b)

(1 ;1) (¿)d¿ V (c;d)
(1 ;1) (t) ¡

Rt
0

~V (a;b)
(1 ;1) (¿)d¿

V (c;d)
(1 ;1) (t)

´
¢[hYa : Yb i ; hYc : Yd i ]

(15)
with z(0) = z0. If the control vector �elds and input
forcing are smoothfunctionsof their respectivearguments,
and the Lie bracket properties of (3) and (5) hold, then
x(t) ¡ ©g

t (z(t)) = O(²) as² ! 0 on thetimescale1. Fur-
thermore x(t) ¡ ©g

t (z(t)) = O(±(²)) as ² ! 0 for all t, if
z = 0 is an asymptoticallystablecritical point for thelinear
approximationof thesystemin (15).

5 Motion Generation

In orderto tracktrajectories,wemustbeableto generatemo-
tion in arbitrarydirectionsin statespace.In thetwo classesof
systemswhich we areconsidering,thesedirectionsarechar-
acterizedby Lie bracketsfor kinematicsystemsandsymmet-
ric productsfor con�guration controllabledynamicsystems
(for adiscussionof con�gurationcontrollability, see[7]).

Motion generationand open loop trajectory tracking have
beenstudiedextensively for driftlessnonholonomicsystems
[8, 15, 17, 20]. However, while it is straightforward to
generatemotion alongoneLie bracket direction, trajectory
trackingrequiressimultaneouslyandindependentlygenerat-
ing motionalongall directionsnecessaryfor controllability.
As we show in this sectionandthenext, this taskcanbeac-
complishedthroughappropriateuseof feedback.

In systemsof the form (10), m statesare directly con-
trolled, and Lie brackets are formed from the vector �eld
Ya . As is known from theabove references,generatingmo-
tion along a direction correspondingto a Lie bracket B of
order p can then be accomplishedwith inputs of the form
ÁI = ®cos(p! t); ÁI I = sin(! t). At leastonevector�elds
Ya will occuronly oncein B. We thenassignÁI to thecon-
trol input ua andÁI I to the controlsthat correspondto the
remainderof the vector �elds occurringin B. To indepen-
dently generatemotion in all directionssimultaneously, we



superimposethecontrolsfor eachdirectionandusea differ-
entfrequency bandfor eachmotion.Wewill assignfrequen-
ciesstartingwith �rst level Lie bracket motionsandwork up
throughincreasinglevels.Startwith ! 1 = 1. Let pi betheor-
derof thenext Lie bracket to haveanassignedfrequency and
pi ¡ 1 theorderof theLie bracket for thepreviously assigned
frequency. Thenwechoosethenew frequency

! i =
½

pi ! i ¡ 1 + 1; if pi = pi ¡ 1

pi ¡ 1! i ¡ 1 + 1; if pi > pi ¡ 1
(16)

andsubscriptthecorresponding® as®i . This choiceof con-
trols will move the systemindependentlyin any direction,
andthe amountof motion in the differentdirectionscanbe
scaledwith the useof ®. Superimposingthe contributions
from eachbracket to be generatedresultsin controlsof the
form

ua(t) =
P

i ®i cos(pi ! i t) +
P

j sin(! j t): (17)

Mattersarea bit moredif�cult for dynamicsystems,but a
correspondingresultholds. Speci�cally we areinterestedin
systemswhich arecon�guration controllablewith symmet-
ric productsup to secondlevel. If the system(14) is con-
�guration controllableof order2, we know that thereexists
a set of linearly independentvector �elds Ya , hYa : Yb i ,
hYa : hYb : Yc i i that spanRn . For the elementsYab =
hYa : Yb i from thissetde�ne

³ a
ab = ®ab cos(̧ abt); ³ b

ab = cos(̧ abt); (18)

where¸ ab 2 Z+ , the ®ab arescalarconstantsandthe ¸ ab

arechosenasin (16) with p = 1. For the elementsYabc =
hYa : hYb : Yc i i de�ne

»I
abc = ®abc cos(º I ¸ abct); »I I

abc = cos(º I I ¸ abct) (19)

where¸ abc 2 Z+ andthe®abc arescalarconstants.Unless
a = b = c, at leastoneindex in hYa : hYb : Yc i i occurs
uniquely. To thecontrol correspondingto this uniqueindex
assign»I

abc, andto the othertwo assign»I I
abc. If an index is

repeated,chooseº I = 2 andº I I = 1. If noindex is repeated,
chooseº I = 3, andassign»I

abc to ua . To ub assign»I I
abc with

º I I = 2, andto uc assign»I I
abc with º I I = 1. Thefrequencies

¸ abc arechosenaccordingto

¸ 112 = 3¸ m ¡ 1;m ; ¸ ij k = ¸ f ij kg¡ 1 + 3¸ m ¡ 1;m + 1:

Now sumtheappropriatecomponentsto get

ua(t) =
P

ij ³ a
ij +

P
ij k »a

ij k : (20)

6 TrajectoryStabilization

Giventhepreviousaveragingandmotiongenerationresults,
wecannow applystatefeedbackto stabilizeunderwatersys-
temresponseto adesiredtrajectory.

For driftlesssystemscontrollablewith �rst level Lie brackets,
suchas the amoeba,the systemaveragewas given above.

Motivatedby this resultandthosein [8, 17], we canassume
thatany kinematicsystemcontrollablewith Lie bracketsup
to level p with inputs(17)canbeexpressedas

_z = Ya(z)f a(z) +
pX

i =1

L i (z)H i (®) = L (z)H (®) (21)

whereL i (z) is amatrixwhosecolumnsareall theLie brack-
etsof level i andH i (®) arethecorrespondingparameterized
coef�cients from theprevioussection.

Theorem4 Considera kinematicsystemof the form (10),
which is controllable with Lie brackets up to level p and
where the dimensionof the subspacespannedby the brack-
etsat level i is n i . Assumethat there exist functionsof the
form (17) such that the linearization of H (®) with respect
to ® at ® = 0 is invertible on the subspaceto control, and
let z(t) be the averaged systemresponse. Thenthere exists
K 2 R(

P
n i )£ n such that for

® = ¡ ¤K z(T bt=Tc)

where ® 2 R
P

n i and ¤ 2 R(n ¡ m )£ (n ¡ m ) , we havethe
stabilizedaverage systemresponselim t !1 z(t) = 0:

Proof: Seeappendix.

Using theaveragedsystemresponsefor a secondordersys-
temwith theparameterizedcontrols(20),we canrewrite the
averageddynamicsas

_z = S(z) + Y0(z) ¡ D (z) + B (z)H (®) (22)

Theorem5 ([21]) Considera mechanicalsystemof theform
(14),which iscon�gurationcontrollablewith �r standsecond
level symmetricproducts,and where the dimensionsof the
spacesspannedby Ya , hYa : Yb i , andhYa : hYb : Yc i i
are respectively, m, nab, and nabc. Assumethat there exist
functionsof the form (18) and (19) such that the lineariza-
tion of H (®) with respectto ® at ® = 0 is invertibleon the
subspaceto control, and let z(t) be theaveragedsystemre-
sponse. ThenthereexistsK 2 R(n ab + n abc )£ 2n such that for

® = ¡ ¤K z(T bt=Tc) (23)

where ® 2 Rn ab + n abc and¤ 2 R(n ¡ m )£ (n ¡ m ) is an invert-
ible matrix, we havethe stabilizedaverage systemresponse
lim t !1 z(t) = 0:

7 SimulationResults

To demonstratetheseideas,we will considerthe two exam-
ple systemsintroducedabove. As discussed,the amoebais
a driftless, kinematicsystemand the �sh is an underactu-
atedmechanicalsystem. Using the threemodeshapesdis-
cussedin Sec. 3, the amoebais free to move in the plane
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Figure 3: Trajectorytrackingfor amoeba-like system.

andis thuscontrollable.Simulationresultsfor a desiredhe-
lical trajectoryare shown in Fig. 3 for M = 0:01kg and
r 0 = 0:2m. Theorientationremainedconstant,while theer-
ror wasat moston theorderof 3% of bodyradii. Theshape
went throughabout1000iterationsandtraveleda total dis-
tanceon the orderof 6 body radii, which is consistentwith
thecalculationin [11].

As derived, the carangiform�sh is describedby Hamel's
equations(6) andmoregenerallyby (2). A symmetricprod-
uct canbeusedto generateforwardlocomotion,andtheLie
bracketbetweenthedrift andthepeduncleanglecontrolvec-
tor �elds canbe usedto generaterotationwhile in motion.
While thiseffectcomesfroma�rst levelLie bracket,aslower
turn canalsobe effectedthrougha secondlevel symmetric
product.Studyof sucheffectsrequiresthehigherorderaver-
agingandmotiongenerationtreatedabove. Resultsfor such
effectscanbe found in [14, 15]. The �rst ordersymmetric
productandLie bracket for this systemevaluatedat the ref-
erencecon�guration ([Ã1; Ã2] = [0; 0]) for typical physical
parameters(see[15]) give, for thegroupvariables,

hY1 : Y2 i ¼ (0:15; 0; 0)T

[Y1; S + Y0 ¡ D ] ¼ (f (»2; »3); 0:27»1; ¡ 18:70»1)T

wheref is afunctionof thelateralandrotationalbodyveloc-
ities,»2 and»3, respectively. Thesymmetricproductdemon-
stratesthatforwardlocomotionis theoreticallypossible.The
Lie bracketshowsthataturningmotionis achievable;it must
be mentionedthat the lateral translationandthe turning do
not opposeeachother in directing the carangiform�sh to
reducethe error. Thus, in the planewe have rudimentary
controlover forwardmotionandbearing,which canbeused
for locomotion. Theresultsof trackinga straightline along
thex-axisgivenaninitial positionerrorareshown in Fig. 4.
Steadystateerror is within 5% andcould be eliminatedby
including an integral term in the feedbackcontrol functions
(23). Actualexperimentalresultscanbefoundin [15].
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Figure 4: Trajectorytrackingfor carangiform�sh.

8 Conclusion

Themechanicsof deformableunderwaterpropulsorsoperat-
ing in simple�uids satisfyseveralpropertiesthatholdin most
operatingregimes. Furthermore,we have found that oscil-
latory controlsandaveragingtechniquesapply quite gener-
ally to suchsystems.Their Lie-algebraicstructuresimpli�es
theaveragingprocessfor systemswith drift andtheir typical
SE(3) invarianceallows for reduction.

Two examples,anamoeba-like swimmeranda carangiform-
likemechanism,illustratedtheseideas.By usingsimplifying
�uid dynamicprinciples,both modelswererendered�nite-
dimensional,andthereforetractable. The amoebacansuc-
cessfullytracknearlyarbitraryplanartrajectories,while the
carangiformsystemcantrackstraightandcurvedtrajectories.

Ongoingresearchseeksto moredeeplyunderstandthe uni-
versalnatureof suchsystemsat a more fundamentallevel,
speci�cally with theinclusionof �uid dynamicsin theprinci-
palbundlestructure.Theaveragingprocessto arbitraryorder
will alsobecritical for morecomplicatedsystemsrequiring
higherorderbrackets.
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A Proofs

Proof of Theorem 2: We will usethe theoremof Sanders
and Verhulst [18] as it applies to af�ne control systems.
Transformtime to theform in (12). For theaverage,we will
needto calculate

_z = ²F (z) + ²2G(z):

The�rst orderaverageis easilyseento be

¹F (z) = Ya(z)f a(z):

Thesecondordertermbeginswith

G(z; t) =
1
2

· Z t

0
Ya(z)va(z; ¿)d¿; Yb(z)vb(z; t)

¸
:

Usinglinearityof theLie bracket,

G(z; t) = 1
2

hRt
0 Ya(z)f a(z)d¿; Yb(z)f b(z)

i

+ 1
2

hRt
0 Ya(z)ua(t)d¿; Yb(z)f b(z)

i

+ 1
2

hRt
0 Ya(z)f a(z)d¿; Yb(z)ub(t)

i

+ 1
2

hRt
0 Ya(z)ua(t)d¿; Yb(z)ub(t)

i
:

(24)

From the time independenceof the vector �elds, and the
skew-symmetryof the Lie bracket, the �rst term vanishes.

For theaverageweget

G(z) = 1
2T

RT
0

hRt
0 Ya(z)ua(t)d¿; Yb(z)f b(z)

i
dt

+ 1
2T

RT
0

hRt
0 Ya(z)f a(z)d¿; Yb(z)ub(t)

i
dt

+ 1
2T

RT
0

hRt
0 Ya(z)ua(t)d¿; Yb(z)ub(t)

i
dt:

Using integrationof productsandthe zero-averageassump-
tion of the time dependentinputs,the two mixed termscan
beconsolidated.Moving thetimedependentcoef�cients out-
sidetheLie brackets,

G(z) = V (a)
(1) (t)

£
Ya(z); Yb(z)f b(z)

¤
+

1
2

V (a;b)
(1 ;0) (t) [Ya(z); Yb(z)] :

All together, theaveragedsystemis

_z = ²Ya(z)f a(z) ¡ ²2V (a)
(1) (t)

£
Ya(z); Yb(z)f b(z)

¤

+ 1
2 ²2V (a;b)

(1 ;0) (t) [Ya(z); Yb(z)] ;

which after a transformationof time, andapplicationof the
relevanttheoremsin [18] givesthedesiredresults.

Proof of Theorem 4: Given the assumptionson the sys-
tem, the averagedsystem(21) is controllable. Linearizing
thesystemwith respectto z and® yields

_z =
@(LH (®))

@z

¯
¯
¯
¯
z;®=0

z + B (0)
@H
@®

® = Az +
·

0
~B ¡

¸
®:

(25)
For the averagingresult to hold, the systemparameters®
mustbeconstantover wholeperiods.Allowing thevaluesof
theparametersto bemodi�ed at theendpointsof eachwhole
periodresultsin adiscretetimesystem,thedynamicsareob-
tainedby directintegrationof (25):

z(T) = eAT z(0) + eAT
Z T

0
e¡ A¿ d¿

·
0
~B ¡

¸
®: (26)

To performthis computation,notethat thematrix A canal-
waysbe block diagonalizedby a statespacetransformation
suchthat the real part of the eigenvaluesof the upper left
block(of dimensionm £ m) correspondto thestatesthatare
directly controlledandin theaverageareall negative, those
of themiddleblock areeitherpositive or negative andthose
of the lower right block areall zero. We will assumethatA
in (26) is in thisblockdiagonalstructure.Now weeffectively
have thediscrete,linearsystem

z(h + 1) = Âz(h) + B̂ ®(h)

whereÂ = diag[eA 1 T ; eA 2 T ; I ] and B̂ =
·

0 0
M ~B ¡

¸

with

M =
·

eA 2 T A ¡ 1
2

¡
I ¡ e¡ A 2 T

¢
0

0 TI + 1
2 T2J0

¸

whereJ0 isamatrixwith onesonthesuperdiagonalandzeros
elsewhere.Theproof is completedby �nding any matrix K

suchthatwith ®(h) = ¡
³

M ~B ¡
´ ¡ 1

K z(h) = ¡ ¤K z(h),

theeigenvaluesof Â ¡ B̂ K ¤ arewithin theunit circle.


