
SimultaneousMapping and Localization With Sparse
ExtendedInformation Filters: Theory and Initial
Results

SebastianThrun1, DaphneKoller2, ZoubinGhahramani3, HughDurrant-Whyte4,
andAndrew Y. Ng2

1 CarnegieMellon University, Pittsburgh,PA, USA
2 StanfordUniversity, Stanford,CA, USA
3 GatsbyComputationalNeuroscienceUnit, UniversityCollegeLondon,UK
4 Universityof Sydney, Sydney, Australia

Abstract. Thispaperdescribesascalablealgorithmfor thesimultaneousmappingandlocal-
ization(SLAM) problem.SLAM is theproblemof determiningthelocationof environmen-
tal featureswith a roving robot.Many of today's populartechniquesarebasedon extended
Kalman�lters (EKFs),which requireupdatetime quadraticin thenumberof featuresin the
map.Thispaperdevelopsthenotionof sparseextendedinformation�lters (SEIFs),asanew
methodfor solvingtheSLAM problem.SEIFsexploit structureinherentin theSLAM prob-
lem, representingmapsthroughlocal, Web-like networks of features.By doingso,updates
canbe performedin constanttime, irrespective of the numberof featuresin the map.This
paperpresentsseveraloriginalconstant-timeresultsof SEIFs,andprovidessimulationresults
thatshow thehighaccuracy of theresultingmapsin comparisonto thecomputationallymore
cumbersomeEKF solution.

1 Intr oduction
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The simultaneouslocalizationandmapping(SLAM) problemis the problemof
acquiringamapof anunknown environmentwith amoving robot,while simultane-
ouslylocalizingtherobotrelative to thismap[6,12].TheSLAM problemaddresses
situationswheretherobot lacksa globalpositioningsensor, andinsteadhasto rely
onasensorof incrementalego-motionfor robotpositionestimation(e.g.,odometry,
inertial navigation).Suchsensorsaccumulateerrorover time, makingtheproblem
of acquiringanaccuratemapachallengingone.Within mobilerobotics,theSLAM
problemis oftenreferredto asoneof themostchallengingones[30].

In recentyears,theSLAM problemhasreceivedconsiderableattentionby the
scienti®ccommunity, anda�urry of new algorithmsandtechniqueshasemerged,as
attested,for example,by a recentworkshopon this topic [11]. Existingalgorithms
canbe subdivided into batchandonline techniques.The former provide sophisti-
catedtechniquesto copewith perceptualambiguities[2,25,33],but they canonly
generatemapsafterextensive batchprocessing.Online techniquesarespeci®cally
suitedto acquiremapsastherobotnavigates[6,28], which is of greatpracticalim-
portancein many navigation andexplorationproblems[26]. Today's mostwidely
usedonline algorithmsarebasedon extendedKalman®lters (EKFs), basedon a
seminalseriesof papers[18,28,27].EKFs calculateGaussianposteriorsover the
locationsof environmentalfeaturesandtherobotitself.
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A key bottleneckof EKFs—whichhasbeensubjectto intenseresearch—istheir
computationalcomplexity. The standardEKF approachrequirestime quadraticin
thenumberof featuresin themap,for eachincrementalupdate.Thiscomputational
burdenrestrictsEKFs to relatively sparsemapswith no morethana few hundred
features.Recently, several researchershave developedhierarchicaltechniquesthat
decomposemapsinto collectionsof smaller, moremanageablesubmaps[1,8,34].
While in principle, hierarchicaltechniquescansolve this problemin linear time,
many of thesetechniquesstill requirequadratictime per update.Onerecenttech-
niqueupdatestheestimatein constanttime[13] by restrictingall computationto the
submapin which therobotpresentlyoperates.Usingapproximationtechniquesfor
transitioningbetweensubmaps,thiswork demonstratedthatconsistenterrorbounds
canbe maintainedwith a constant-timealgorithm.However, the methoddoesnot
propagateinformationto previously visitedsubmapsunlesstherobotsubsequently
revisits theseregions.Hence,this methodsuffers a slower rateof convergencein
comparisonto theO(N 2) full covariancesolution.Alternativemethodsbasedonde-
compositioninto submaps,suchasthesequentialmapjoining techniquesdescribed
in [29,35]canachievethesamerateof convergenceasthefull EKF solution,but in-
curaO(n2) computationalburden.A differentline of researchhasreliedonparticle
®ltersfor ef®cientmapping[7]. TheFastSLAMalgorithm[17] andrelatedmapping
algorithms[19] requiretime logarithmic in thenumberof featuresin themap,but
they dependlinearlyonaparticle-®lterspeci®cparameter(thenumberof particles),
whosescalingwith environmentalsizeis still poorlyunderstood.Noneof theseap-
proaches,however, offer constanttime updatingwhile simultaneouslymaintaining
global consistency of the map.More recently(andmotivatedby this paper),thin
junction treeshave beenappliedto theSLAM problemby Paskin[24]. This work
establishesa viablealternative to theapproachproposedhere,with somewhatdif-
ferentcomputationalproperties.

This paperproposesa new SLAM algorithm whoseupdatesrequireconstant
time, independentof thenumberof featuresin themap.Our approachis basedon
thewell-known informationform of theEKF, alsoknown astheextendedinforma-
tion ®lter (EIF) [22]. To achieveconstanttimeupdating,wedevelopanapproximate
EIF which maintainsa sparserepresentationof environmentaldependencies.Em-
pirical simulationresultsprovide evidencethat the resultingmapsarecomparable
in accuracy to thecomputationallymuchmorecumbersomeEKF solution,which is
still at thecoreof mostwork in the®eld.

Our approachis bestmotivatedby investigating theworkingsof theEKF. Fig-
ure1 shows theresultof EKF mappingin anenvironmentwith 50 landmarks.The
left panelshows a moving robot,alongwith its Gaussianestimatesof the location
of all 50point features.Thecentralinformationmaintainedby theEKF solutionis a
covariancematrix of thesedifferentestimates.Thenormalizedcovariance,i.e., the
correlation,is visualizedin thecenterpanelof this®gure.Eachof thetwo axeslists
the robot pose(x-y locationandorientation)followed by the x-y-locationsof the
50 landmarks.Darkentriesindicatestrongcorrelations.It is known thatin thelimit
of SLAM, all x-coordinatesandall y-coordinatesbecomefully correlated[6]. The
checkerboardappearanceof the correlationmatrix illustratesthis fact. Maintain-
ing thesecross-correlations—ofwhich therearequadraticallymany in thenumber
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Figure1.Typicalsnapshotsof EKFsappliedto theSLAM problem:Shown hereis amap(left
panel),acorrelation(centerpanel),andanormalizedinformationmatrix(right panel).Notice
thatthenormalizedinformationmatrix is naturallyalmostsparse,motivatingourapproachof
usingsparseinformationmatricesin SLAM.

of featuresin the map—areessentialto the SLAM problem.This observation has
given rise to the (false)suspicionthat online SLAM is inherentlyquadraticin the
numberof featuresin themap.

Thekey insight thatmotivatesour approachis shown in theright panelof Fig-
ure 1. Shown there is the inverse covariancematrix (also known as information
matrix [16,22]), normalizedjust like the correlationmatrix. Elementsin this nor-
malizedinformationmatrix canbe thoughtof asconstraints,or links, betweenthe
locationsof differentfeatures:The darker an entry in the display, the strongerthe
link. As this depictionsuggests,the normalizedinformationmatrix appearsto be
naturallysparse:it is dominatedby a smallnumberof stronglinks, andpossessesa
largenumberof links whosevalues,whennormalized,arenearzero.Furthermore,
link strengthis relatedto distanceof features:Stronglinks arefoundonly between
geometricallynearbyfeatures.The moredistanttwo landmarks,the weaker their
link. This observationsuggestthattheEKF solutionto SLAM possessesimportant
structurethatcanbeexploitedfor moreef®cient solutions.While any two features
arefully correlatedin the limit, thecorrelationarisesmainly througha network of
local links, whichonly connectnearbylandmarks.

Our approachexploits this structureby maintaininga sparse informationma-
trix, in which only nearbyfeaturesarelinked througha non-zeroelement.There-
sulting network structureis illustratedin the right panelof Figure2, wheredisks
correspondsto point featuresand dashedarcsto links, as speci®edin the infor-
mationmatrix visualizedon the left. Shown alsois the robot,which is linked to a
smallsubsetof all featuresonly, calledactive featuresanddrawn in black.Storing
asparseinformationmatrix requireslinearspace.More importantly, updatescanbe
performedin constanttime, regardlessof the numberof featuresin the map.The
resulting®lter is a sparse extendedinformation �lter , or SEIF. We show empiri-
cally that theSEIFstightly approximateconventionalextendedinformation®lters,
whichpreviously appliedto SLAM problemsin [20,22]andwhicharefunctionally
equivalentto thepopularEKF solution.

Ourtechniqueis probablymostcloselyrelatedto work onSLAM ®ltersthatrep-
resentrelative distances,suchasNewman's geometricprojection®lter [23] andex-
tensions[5], andCsorba's relative ®lter [4]. Neitherof thesealternative approaches
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Figure 2. Illustration of the network of landmarksgeneratedby our approach.Shown on
the left is a sparseinformationmatrix, andon the right a mapin which entitiesare linked
whoseinformationmatrix elementis non-zero.As arguedin the paper, the fact that not all
landmarksareconnectedis a key structuralelementof theSLAM problem,andat theheart
of ourconstanttimesolution.

permitsconstanttime updatingin SLAM, thoughit appearsthat thesetechniques
couldbedevelopedinto constanttime algorithms,usingapproximationssimilar to
the onesdescribedhere.Our work is alsorelatedto the rich body of literatureon
topologicalmapping[3,10,15,36],which typically doesnot representaboutdepen-
denciesandcorrelationsin therepresentationof uncertainty.

2 ExtendedInf ormation Filters

Thissectionreviews theextendedinformation®lter (EIF), which formsthebasisof
our work. EIFsarecomputationallyequivalentto extendedKalman®lters (EKFs),
but they representinformationdifferently: insteadof maintaininga covariancema-
trix, the EIF maintainsan inversecovariancematrix, also known as information
matrix.EIFshave previously beenappliedto theSLAM problem,mostnotablyby
Nettletonand colleagues[20,22], but they are much lesscommonthan the EKF
approach.

Most of thematerialin this sectionappliesequallyto linearandnon-linear®l-
ters.We have chosento presentall materialin theextended,non-linearform, since
robotsareinherentlynon-linear.

2.1 Inf ormation Form of the SLAM Problem

Let x t denotethe poseof the robotat time t. For rigid mobile robotsoperatingin
a planarenvironment,the poseis given by its two Cartesiancoordinatesand the
robot's headingdirection.Let N denotethenumberof features(e.g.,landmarks)in
the environment.The variableyn with 1 � n � N denotesthe poseof the n-th
feature.For example,for point landmarksin theplane,yn maycomprisethe two-
dimensionalCartesiancoordinatesof this landmark.In SLAM, it is usuallyassumed
thatfeaturesdonotchangetheir pose(or location)over time.

Therobotposex t andthesetof all featurelocationsY togetherconstitutethe
stateof the environment.It will be denotedby the vector� t =

�
x t y1 : : : yN

� T
,

wherethesuperscriptT refersto thetransposeof avector.
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In theSLAM problem,it is impossibleto sensethestate� t directly—otherwise
therewould be no mappingproblem.Instead,the robot seeksto recover a proba-
bilistic estimateof � t . Written in a Bayesianform, our goal shall be to calculatea
posteriordistributionover thestate� t . Thisposteriorp(� t j zt ; ut ) is conditionedon
pastsensormeasurementszt = z1; : : : ; zt andpastcontrolsut = u1; : : : ; ut . Sen-
sormeasurementszt might,for example,specifytheapproximaterangeandbearing
to nearbyfeatures.Controlsut specifythe robot motion commandassertedin the
time interval (t � 1; t].

Following the rich EKF tradition in the SLAM literature,our approachrepre-
sentsthe posteriorp(� t j zt ; ut ) by a multivariateGaussiandistribution over the
state� t . Themeanof thisdistributionwill bedenoted� t , andcovariancematrix � t :

p(� t j zt ; ut ) / exp
�

� 1
2 (� t � � t )T � � 1

t (� t � � t )
	

(1)

Theproportionalitysignreplacesaconstantnormalizerthatis easilyrecoveredfrom
thecovariance� t . Therepresentationof theposteriorvia themean� t andtheco-
variancematrix � t is thebasisof theEKF solutionto theSLAM problem(andto
EKFsin general).

Information®ltersrepresentthesameposteriorthrougha so-calledinformation
matrix H t andaninformationvectorbt —insteadof � t and� t . Theseareobtained
by multiplying out theexponentof (1):

= exp
�

� 1
2

�
� T

t � � 1
t � t � 2� T

t � � 1
t � t + � T

t � � 1
t � t

�	

= exp
�

� 1
2 � T

t � � 1
t � t + � T

t � � 1
t � t � 1

2 � T
t � � 1

t � t
	

(2)

We now observe that the last termin theexponent,� 1
2 � T

t � � 1
t � t doesnot contain

the freevariable� t andhencecanbesubsumedinto theconstantnormalizer. This
givesustheform:

/ expf� 1
2 � T

t � � 1
t| {z }

=: H t

� t + � T
t � � 1

t| {z }
=: bt

� t g (3)

The informationmatrix H t andthe informationvectorbt arenow de®nedasindi-
cated:

H t = � � 1
t and bt = � T

t H t (4)

Usingthesenotations,thedesiredposteriorcannow berepresentedin whatis com-
monlyknown astheinformationformof theKalman®lter:

p(� t j zt ; ut ) / exp
�

� 1
2 � T

t H t � t + bt � t
	

(5)

As the readermay easily notice,both representationsof the multi-variateGaus-
sianposteriorarefunctionallyequivalent(with theexceptionof certaindegenerate
cases):The EKF representationof the mean� t and covariance� t , and the EIF
representationof theinformationvectorbt andtheinformationmatrixH t . In partic-
ular, theEKF representationcanbe`recovered' from the informationform via the
following algebra:

� t = H � 1
t and � t = H � 1

t bT
t = � t bT

t (6)
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(a) (b)

Figure 3. Theeffect of measurementson theinformationmatrix andtheassociatednetwork
of features:(a) Observingy1 resultsin a modi�cation of the informationmatrix elements
H x t ;y 1 . (b)Similarly, observingy2 affectsH x t ;y 2 . Bothupdatescanbecarriedoutin constant
time.

Theadvantageof theEIF over theEKF will becomeapparentfurtherbelow, when
theconceptof sparseEIFswill beintroduced.

Of particularinterestwill bethegeometryof theinformationmatrix.Thismatrix
is symmetricandpositive-de®nite:

H t =

0

B
B
B
@

H x t ;x t H x t ;y 1 � � � H x t ;y N

H y1 ;x t H y1 ;y 1 � � � H y1 ;y N

...
...

...
...

H yN ;x t H yN ;y 1 � � � H yN ;y N

1

C
C
C
A

(7)

Eachelementin the informationmatrix constraintsone(on the main diagonal)or
two (off the main diagonal)elementsin the statevector. We will refer to the off-
diagonalelementsaslinks: thematricesH x t ;y n link togethertherobotposeestimate
andthelocationestimateof a speci®cfeature,andthematricesHyn ;y n 0 for n 6= n0

link togethertwo featurelocationsyn andyn 0. Although rarely madeexplicit, the
manipulationof theselinks is thevery essenceof Gaussiansolutionsto theSLAM
problem.It will beananalysisof theselinks thatultimatelyleadsto aconstant-time
solutionto theSLAM problem.

2.2 MeasurementUpdates

In SLAM, measurementszt carryspatialinformationon therelationof therobot's
poseandthelocationof a feature.For example,zt might betheapproximaterange
andbearingto a nearbylandmark.Without lossof generality, we will assumethat
eachmeasurementzt correspondsto exactly onefeaturein the map.Sightingsof
multiple featuresat thesametimemayeasilybeprocessedone-after-another.

Figure3 illustratesthe effect of measurementson the informationmatrix H t .
Supposetherobotmeasurestheapproximaterangeandbearingto thefeaturey1, as
illustratedin Figure3a.This observation links the robotposex t to the locationof
y1. Thestrengthof thelink is givenby thelevel of noisein themeasurement.Updat-
ing EIFsbasedon this measurementinvolvesthemanipulationof theoff-diagonal
elementsH x t ;y andtheir symmetriccounterpartsH y;x t that link togetherx t andy.
Additionally, theon-diagonalelementsH x t ;x t andH y1 ;y 1 arealsoupdated.These
updatesareadditive: Eachobservation of a featurey increasesthe strengthof the
total link betweenthe robot poseandthis very feature,andwith it the total infor-
mationin the®lter. Figure3b shows theincorporationof a secondmeasurementof
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a differentfeature,y2. In responseto this measurement,the EIF updatesthe links
H x t ;y 2 = H T

y2 ;x t
(andH x t ;x t andH y2 ;y 2 ). As thisexamplesuggests,measurements

introducelinks only betweenthe robot posex t and observed features.Measure-
mentsnever generatelinks betweenpairsof landmarks,or betweenthe robot and
unobservedlandmarks.

For a mathematicalderivation of the updaterule, we observe that Bayesrule
enablesusto factorthedesiredposteriorinto thefollowing product:

p(� t j zt ; ut ) / p(zt j � t ; zt � 1; ut ) p(� t j zt � 1; ut )

= p(zt j � t ) p(� t j zt � 1; ut ) (8)

Thesecondstepof this derivationexploitedcommon(andobvious) independences
in SLAM problems[32]. For the time being,we assumethat p(� t j zt � 1; ut ) is
representedby �H t and�bt . Thosewill bediscussedin thenext section,whererobot
motionwill beaddressed.Thekey questionaddressedin thissection,thus,concerns
the representationof the probability distribution p(zt j � t ) and the mechanicsof
carrying out the multiplication above. In the `extended' family of ®lters, a com-
mon modelof robot perceptionis onein which measurementsaregovernedvia a
deterministicnon-linearmeasurementfunctionh with addedGaussiannoise:

zt = h(� t ) + " t (9)

Here" t is anindependentnoisevariablewith zeromean,whosecovariancewill be
denotedZ . Put into probabilisticterms,(9) speci®esa Gaussiandistribution over
themeasurementspaceof theform

p(zt j � t ) / exp
�

� 1
2 (zt � h(� t ))T Z � 1(zt � h(� t ))

	

(10)

Following therich literatureof EKFs,EIFsapproximatethisGaussianby linearizing
themeasurementfunctionh. Morespeci®cally, aTaylorseriesexpansionof h gives
us

h(� t ) � h(� t ) + r � h(� t )[� t � � t ] (11)

wherer � h(� t ) is the®rstderivative(Jacobian)of h with respectto thestatevariable
� , taken� = � t . For brevity, we will write ẑt = h(� t ) to indicatethatthis is a pre-
diction givenour stateestimate� t . The transposeof theJacobianmatrix r � h(� t )
andwill bedenotedCt . With thesede®nitions,Equation(11) readsasfollows:

h(� t ) � ẑt + CT
t (� t � � t ) (12)

This approximationleadsto thefollowing Gaussianapproximationof themeasure-
mentdensity(10):

p(zt j � t ) / exp
�

� 1
2 (zt � ẑt � CT

t � t + CT
t � t )T Z � 1(zt � ẑt � CT

t � t + CT
t � t )

	
(13)

Multiplying out theexponentandregroupingtheresultingtermsgivesus

= exp
�

� 1
2 � T

t Ct Z � 1CT
t � t + (zt � ẑt + CT

t � t )T Z � 1CT
t � t (14)

� 1
2 (zt � ẑt + CT

t � t )T Z � 1(zt � ẑt + CT
t � t )
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As before,the ®nal term in the exponentdoesnot dependon the variable�t and
hencecanbesubsumedinto theproportionalityfactor:

/ exp
�

� 1
2 � T

t Ct Z � 1CT
t � t + (zt � ẑt + CT

t � t )T Z � 1CT
t � t

	
(15)

Wearenow in thepositionto statethemeasurementupdateequation,which imple-
menttheprobabilisticlaw (8).

p(� t j zt ; ut ) / exp
�

� 1
2 � T

t
�H t � t + �bt � t

	

� exp
�

� 1
2 � T

t Ct Z � 1CT
t � t + (zt � ẑt + CT

t � t )T Z � 1CT
t � t

	

= expf� 1
2 � T

t ( �H t + Ct Z � 1CT
t| {z }

H t

)� t + ( �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t| {z }
bt

)� t g(16)

Thus,themeasurementupdateof theEIF is givenby thefollowing additive rule:

H t = �H t + Ct Z � 1CT
t (17)

bt = �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t (18)

In thegeneralcase,theseupdatesmaymodify theentireinformationmatrixH t and
vectorbt , respectively. A key observationof all SLAM problemsis thattheJacobian
Ct is sparse. In particular, Ct is zeroexceptfor theelementsthatcorrespondto the
robotposex t andthefeatureyt observedat time t.

Ct =
�

@h
@x t

0� � � 0 @h
@y t

0� � � 0
� T

(19)

This sparsenessis dueto the fact that measurementszt areonly a function of the
relative distanceandorientationof therobot to theobservedfeature.As a pleasing
consequence,theupdateCt Z � 1CT

t to the informationmatrix in (17) is only non-
zeroin four places:the off-diagonalelementsthat link the robot posex t with the
observed featureyt , andthemain-diagonalelementsthat correspondto x t andyt .
Thus,theupdateequations(17)and(18)arewell in tunewith our intuitivedescrip-
tion givenin thebeginningof thissection,wherewearguedthatmeasurementsonly
strengthenthe links betweentherobotposeandobserved features,in the informa-
tion matrix.

To comparethis to theEKF solution,we noticethateventhoughthechangeof
theinformationmatrixis local,theresultingcovarianceusuallychangesin non-local
ways.put differently, thedifferencebetweentheold covariance �� t = �H � 1

t andthe
new covariancematrix � t = H � 1

t is usuallynon-zeroeverywhere.

2.3 Motion Updates

Thesecondimportantstepof SLAM concernstheupdateof the®lter in accordance
to robotmotion.In thestandardSLAM problem,only therobotposechangesover
time.Theenvironmentis static.

Theeffectof robotmotionon theinformationmatrixH t areslightly morecom-
plicatedthanthatof measurements.Figure4aillustratesaninformationmatrix and
theassociatednetwork beforetherobotmoves,in which therobot is linkedto two
(previously observed) landmarks.If robotmotionwasfreeof noise,this link struc-
turewould not beaffectedby robotmotion.However, thenoisein robotactuation
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(a) (b)

Figure 4. Theeffect of motionon theinformationmatrix andtheassociatednetwork of fea-
tures:(a)beforemotion,and(b) aftermotion.If motionis non-deterministic,motionupdates
introducenew links (or reinforceexistinglinks) betweenany two activefeatures,while weak-
eningthelinks betweentherobotandthosefeatures.Thisstepintroduceslinks betweenpairs
of landmarks.

weakensthelink betweentherobotandall activefeatures.HenceH x t ;y 1 andH x t ;y 2

aredecreasedby a certainamount.This decreasere�ects the fact that thenoisein
motion inducesa lossof informationof the relative locationof the featuresto the
robot.Not all of this informationis lost,however. Someof it is shiftedinto between-
landmarklinks H y1 ;y 2 , as illustratedin Figure4b. This re�ects the fact that even
thoughthemotioninducedalossof informationof therobotrelative to thefeatures,
no informationwas lost betweenindividual features.Robotmotion, thus,hasthe
effect thatfeaturesthatwereindirectly linkedthroughtherobotposebecomelinked
directly.

To derive the updaterule, we begin with a Bayesiandescriptionof robot mo-
tion. Updatinga ®lter basedon robotmotionmotioninvolvesthecalculationof the
following posterior:

p(� t j zt � 1; ut ) =
Z

p(� t j � t � 1; zt � 1; ut ) p(� t � 1 j zt � 1; ut ) d� t � 1 (20)

Exploiting thecommonSLAM independences[32] leadsto

=
Z

p(� t j � t � 1; ut ) p(� t � 1 j zt � 1; ut � 1) d� t � 1 (21)

The termp(� t � 1 j zt � 1; ut � 1) is theposteriorat time t � 1, representedby H t � 1
andbt � 1. Our concernwill thereforebe with the remainingterm p(� t j � t � 1; ut ),
whichcharacterizesrobotmotionin probabilisticterms.

Similar to themeasurementmodelabove, it is commonpracticeto modelrobot
motionby anon-linearfunctionwith addedindependentGaussiannoise:

� t = � t � 1 + � t with � t = g(� t � 1; ut ) + Sx � t (22)

Hereg is themotionmodel,avector-valuedfunctionwhich is non-zeroonly for the
robotposecoordinates,asfeaturelocationsarestaticin SLAM. Thetermlabeled� t
constitutesthestatechangeat time t. Thestochasticpartof this changeis modeled
by � t , aGaussianrandomvariablewith zeromeanandcovarianceUt . ThisGaussian
variableis a low-dimensionalvariablede®nedfor therobotposeonly. HereSx is a
projectionmatrixof theform Sx = ( I 0 : : : 0 )T , whereI is anidentitymatrixof
thesamedimensionastherobotposevectorx t andasof � t . Each0 in this matrix
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refersto a null matrix, of which thereareN in Sx . TheproductSx � t , hence,give
thefollowing generalizednoisevariable,enlargedto thedimensionof thefull state
vector� : Sx � t = ( � t 0 : : : 0 )T . In EIFs, the functiong in (22) is approximated
by its ®rst degreeTaylor seriesexpansion:

g(� t � 1; ut ) � g(� t � 1; ut ) + r � g(� t � 1; ut )[� t � 1 � � t � 1]

= ^� t + A t � t � 1 � A t � t � 1 (23)

HereA t = r � g(� t � 1; ut ) is thederivative of g with respectto � at � = � t � 1 and
ut . The symbol ^� t is shortfor the predictedmotion effect, g(� t � 1; ut ). Plugging
thisapproximationinto (22) leadsto anapproximationof � t , thestateat time t:

� t � (I + A t )� t � 1 + ^� t � A t � t � 1 + Sx � t (24)

Hence,under this approximationthe randomvariable � t is again Gaussiandis-
tributed. Its meanis obtainedby replacing� t and � t in (24) by their respective
means:

�� t = (I + A t )� t � 1 + ^� t � A t � t � 1 + Sx 0 = � t � 1 + ^� t (25)

Thecovarianceof � t is simply obtainedby scaledandaddingthecovarianceof the
Gaussianvariableson theright-handsideof (24):

�� t = (I + A t )� t � 1(I + A t )T + 0 � 0 + Sx Ut ST
x

= (I + A t )� t � 1(I + A t )T + Sx Ut ST
x (26)

Updateequations(25) and(26) arein theEKF form, that is, they arede®nedover
meansand covariances.The information form is now easily recoveredfrom the
de®nitionof theinformationform in (4) andits inversein (6). In particular, wehave

�H t = �� � 1
t =

�
(I + A t )� t � 1(I + A t )T + Sx Ut ST

x

� � 1

=
�
(I + A t )H

� 1
t � 1(I + A t )T + Sx Ut ST

x

� � 1
(27)

�bt = �� T
t

�H t =
h
� t � 1 + ^� t

i T
�H t =

h
H � 1

t � 1bT
t � 1 + ^� t

i T
�H t

=
h
bt � 1H � 1

t � 1 + ^� T
t

i
�H t (28)

Theseequationsappearcomputationallyinvolved,in thatthey requiretheinversion
of largematrices.In thegeneralcase,thecomplexity of theEIF is thereforecubicin
thesizeof thestatespace.In thenext section,we provide thesurprisingresultthat
both �H t and�bt canbecomputedin constanttime if H t � 1 is sparse.

3 SparseExtendedInf ormation Filters

Thecentral,new algorithmpresentedin this paperis theSparseExtendedInforma-
tion Filter, or SEIF. SEIF differ from the extendedinformation®lter describedin
theprevioussectionin that is maintainsa sparseinformationmatrix. An informa-
tion matrix H t is consideredsparseif thenumberof links to therobotandto each
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featurein the mapis boundedby a constantthat is independentof the numberof
featuresin themap.Theboundfor thenumberof links betweentherobotposeand
otherfeaturesin themapwill bedenoted� x ; theboundon thenumberof links for
eachfeature(not countingthelink to therobot)will bedenoted� y . Themotivation
for maintaininga sparseinformationmatrix wasalreadygiven above: In SLAM,
the normalizedinformationmatrix is alreadyalmostsparse.This suggeststhat by
enforcingsparseness,theinducedapproximationerroris small.

3.1 ConstantTime Results

Webegin by proving threeimportantconstanttimeresults,whichform thebackbone
of SEIFs.All proofscanbefoundin [31].

Lemma1: Themeasurementupdatein Section(2.2) requiresconstanttime, ir-
respective of thenumberof featuresin themap.

This lemmaensuresthat measurementscanbe incorporatedin constanttime.
Noticethatthis lemmadoesnotrequiresparsenessof theinformationmatrix;rather,
it is awell-known propertyof information®lters in SLAM.

Lesstrivial is thefollowing lemma:
Lemma2: If theinformationmatrix is sparseandA t = 0, themotionupdatein

Section(2.3) requiresconstanttime. Theconstant-timeupdateequationsaregiven
by:

L t = Sx [U � 1
t + ST

x H t � 1Sx ]� 1ST
x H t � 1

�H t = H t � 1 � H t � 1L t (29)
�bt = bt � 1 + ^� T

t H t � 1 � bt � 1L t + ^� T
t H t � 1L t

ThisresultaddressestheimportantspecialcaseA t = 0, thatis, theJacobianof pose
changewith respectto the absoluterobot poseis zero.This is the casefor robots
with linearmechanics,andwith non-linearmechanicswherethereis no`cross-talk'
betweenabsolutecoordinatesandtheadditive changedueto motion.

In general,A t 6= 0, sincethex-y updatedependson therobotorientation.This
caseis addressedby thenext lemma:

Lemma3: If theinformationmatrix is sparse,themotionupdatein Section(2.3)
requiresconstanttime if the mean� t is availablefor the robot poseandall active
landmarks.Theconstant-timeupdateequationsaregivenby:

	 t = I � Sx (I + [ST
x A t Sx ]� 1) � 1ST

x

H 0
t � 1 = 	 T

t H t � 1	 t

�H t = H 0
t � 1Sx [U � 1

t + ST
x H 0

t � 1Sx ]� 1ST
x H 0

t � 1
�H t = H 0

t � 1 � �H t

�bt = bt � 1 � � T
t � 1(�H t � H t � 1 + H 0

t � 1) + ^� T
t

�H t (30)

For A t 6= 0, a constanttime updaterequiresknowledgeof themean� t � 1 before
themotioncommand,for therobotposeandall active landmarks(but not thepas-
sive features).This informationis notmaintainedby thestandardinformation®lter,
andextractingit in the straightforward way (via Equation(6)) requiresmorethan
constanttime.A constant-timesolutionto thisproblemwill now bepresented.
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3.2 Amortized ApproximatedMap Recovery

Beforederiving analgorithmfor recoveringthestateestimate� t from theinforma-
tion form, let usbrie�y considerwhatpartsof � t areneededin SEIFs,andwhen.
SEIFsneedthe stateestimate� t of the robot poseand the active featuresin the
map.Theseestimatesareneededat threedifferentoccasions:(1) the linearization
of thenon-linearmeasurementandmotionmodel,(2) themotionupdateaccording
to Lemma3, and(3) the sparsi®cationtechniquedescribedfurtherbelow. For lin-
earsystems,themeansareonly neededfor thesparsi®cation(third pointabove).We
alsonotethatweonly needconstantlymany of thevaluesin � t , namelytheestimate
of therobotposeandof thelocationsof active features.

As statedin (6), themeanvector� t is a functionof H t andbt :

� t = H � 1
t bT

t = � t bT
t (31)

Unfortunately, calculating(31) directly involves inverting a large matrix, which
would requiresmorethanconstanttime.

Thesparsenessof thematrix H t allows usto recover thestateincrementally. In
particular, we cando so on-line,asthe datais beinggatheredandthe estimatesb
andH arebeingconstructed.To do so, it will prove convenientto pose(31) asan
optimizationproblem:

Lemma4: Thestate� t is themode�̂ t := argmax� t
p(� t ) of theGaussiandis-

tribution,de®nedover thevariable�t :

p(� t ) = const: � exp
�

� 1
2 � T

t H t � t + bT
t � t

	
(32)

Here� t is avectorof thesameform anddimensionalityas� t . This lemmasuggests
that recovering � t is equivalentto ®nding the modeof (32). Thus,it transformsa
matrix inversionprobleminto anoptimizationproblem.For thisoptimizationprob-
lem,we will now describeaniterative hill climbing algorithmwhich, thanksto the
sparsenessof the informationmatrix, requiresonly constanttime peroptimization
update.

Our approachis an instantiationof coordinatedescent.For simplicity, we state
it herefor a singlecoordinateonly; our implementationiteratesa constantnumber
K of suchoptimizationsaftereachmeasurementupdatestep.Themode�̂ t of (32)
is attainedat:

�̂ t = argmax
� t

p(� t ) = argmax
� t

exp
�

� 1
2 � T

t H t � t + bT
t � t

	

= argmin
� t

1
2 � T

t H t � t � bT
t � t (33)

We notethattheargumentof themin-operatorin (33) canbewritten in a form that
makestheindividualcoordinatevariables� i;t (for thei -th coordinateof � t ) explicit:

1
2 � T

t H t � t � bT
t � t = 1

2

X

i

X

j

� T
i;t H i;j ;t � j ;t �

X

i

bT
i;t � i;t (34)

whereH i;j ;t is the elementwith coordinates(i; j ) in H t , andbi;t if the i -th com-
ponentof thevectorbt . Taking thederivative of this expressionwith respectto an



SLAM With SparseExtendedInformationFilters:TheoryandInitial Results 13

(a) (b)

Figure 5. Sparsi�cation:A featureis deactivatedby eliminating its link to the robot. To
compensatefor this changein information state,links betweenactive featuresand/or the
robotarealsoupdated.Theentireoperationcanbeperformedin constanttime.

arbitrarycoordinatevariable� i;t givesus

@
@� i;t

8
<

:
1
2

X

i

X

j

� T
i;t H i;j ;t � j ;t �

X

i

bT
i;t � i;t

9
=

;
=

X

j

H i;j ;t � j ;t � bT
i;t (35)

Settingthis to zeroleadsto theoptimumof thei -th coordinatevariable� i;t givenall
otherestimates� j ;t :

� [k+1]
i;t = H � 1

i;i;t

2

4bT
i;t �

X

j 6= i

H i;j ;t � [k ]
j ;t

3

5 (36)

The sameexpressioncanconvenientlybe written in matrix notation,wereSi is a
projectionmatrix for extractingthei -th componentfrom thematrixH t :

� [k+1]
i;t = (ST

i H t Si ) � 1ST
i

h
bt � H t �

[k ]
t + H t Si ST

i � [k ]
t

i
(37)

All otherestimates� i 0;t with i 0 6= i remainunchangedin this updatestep,that is,
� [k+1]

i 0;t = � [k ]
i 0;t .

As iseasilyseen,thenumberof elementsin thesummationin (36),andhencethe
vectormultiplicationin (37),is constantif H t is sparse.Hence,eachupdaterequires
constanttime. To maintaintheconstant-timepropertyof our SLAM algorithm,we
canafford a constantnumberof updatesK per time step.This will generallynot
leadto convergence,but therelaxationprocesstakesplaceovermultiple timesteps,
resultingin smallerrorsin theoverall estimate.

3.3 Sparsi�cation

The ®nal stepin SEIFsconcernsthe sparsi®cationof the informationmatrix Ht .
Sparsi®cationis necessarilyan approximative step,sinceinformationmatricesin
SLAM arenaturallynotsparse—eventhoughnormalizedinformationmatricestend
to bealmostsparse.In thecontext of SLAM, it suf®cesto remove links (deactivate)
betweenthe robot poseandindividual featuresin the map; if donecorrectly, this
alsolimits thenumberof links betweenpairsof features.

To see,let usbrie�y considerthetwo circumstancesunderwhichanew link may
beintroduced.First,observinga passive featureactivatesthis feature,thatis, intro-
ducesa new link betweentherobotposeandthevery feature.Thus,measurement
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updatespotentiallyviolate thebound� x . Second,motion introduceslinks between
any two active features,andhenceleadto violationsof thebound� y . Thisconsider-
ationsuggeststhatcontrollingthenumberof active featurescanavoid violation of
bothsparsenessbounds.

Our sparsi®cationtechniqueis illustratedin Figure5. Shown thereis thesitua-
tion beforeandaftersparsi®cation.Theremoval of alink in thenetwork corresponds
to settingan elementin the informationmatrix to zero;however, this requiresthe
manipulationof otherlinks betweenthe robotandotheractive landmarks.There-
sultingnetwork is only anapproximationto theoriginalone,whosequalitydepends
on themagnitudeof thelink beforeremoval.

We will now presenta constant-timesparsi®cationtechnique.To do so, it will
prove usefulto partitionthesetof all featuresinto threesubsets:

Y = Y + ] Y 0 ] Y � (38)

whereY + is thesetof all activefeaturesthatshallremainactive.Y 0 areoneor more
active featuresthatweseekto deactivate(removethelink to therobot).Finally, Y �

areall currentlypassive features.
Thesparsi®cationis bestderivedfrom ®rst principles.If Y+ ] Y 0 containsall

currentlyactive features,theposteriorcanbefactoredasfollows:

p(x t ; Y j zt ; ut ) = p(x t ; Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � ; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut ) (39)

In the last stepwe exploited the fact that if we know the active featuresY 0 and
Y + , the variablex t doesnot dependon the passive featuresY � . We can hence
set Y � to an arbitrary value without affecting the conditionalposteriorover x t ,
p(x t j Y 0; Y + ; Y � ; zt ; ut ). HerewesimplychoseY � = 0.

To sparsifytheinformationmatrix, theposterioris approximatedby thefollow-
ing distribution, in which we simply drop the dependenceon Y 0 in the ®rst term.
It is easilyshown that this distribution minimizesthe KL divergenceto the exact,
non-sparsedistribution:

~p(x t ; Y j zt ; ut ) = p(x t j Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

=
p(x t ; Y + j Y � = 0; zt ; ut )

p(Y + j Y � = 0; zt ; ut )
p(Y 0; Y + ; Y � j zt ; ut ) (40)

This posterioris calculatedin constanttime. In particular, we begin by calculating
theinformationmatrix for thedistribution p(x t ; Y 0; Y + j Y � = 0) of all variables
but Y � , andconditionedon Y � = 0. This is obtainedby extractingthesubmatrix
of all statevariablesbut Y � :

H 0
t = Sx;Y + ;Y 0 ST

x;Y + ;Y 0 H t Sx;Y + ;Y 0 ST
x;Y + ;Y 0 (41)

With that, the inversionlemmaleadsto the following informationmatricesfor the
termsp(x t ; Y + j Y � = 0; zt ; ut ) andp(Y + j Y � = 0; zt ; ut ), denotedH 1

t and
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H 2
t , respectively:

H 1
t = H 0

t � H 0
t SY0 (ST

Y0
H 0

t SY0 ) � 1ST
Y0

H 0
t

H 2
t = H 0

t � H 0
t Sx;Y 0 (ST

x;Y 0
H 0

t Sx;Y 0 ) � 1ST
x;Y 0

H 0
t (42)

Here the variousS-matricesare projectionmatrices,analogousto the matrix Sx
de®nedabove. The ®nal term in our approximation(40), p(Y0; Y + ; Y � j zt ; ut ),
hasthefollowing informationmatrix:

H 3
t = H t � H t Sx t (S

T
x t

H t Sx t )
� 1ST

x t
H t (43)

Puttingtheseexpressionstogetheraccordingto Equation(40) yields the following
informationmatrix, in which thelandmarkY 0 is now indeeddeactivated:

~H t = H 1
t � H 2

t + H 3
t = H t � H 0

t SY0 (ST
Y0

H 0
t SY0 ) � 1ST

Y0
H 0

t

+ H 0
t Sx;Y 0 (ST

x;Y 0
H 0

t Sx;Y 0 ) � 1ST
x;Y 0

H 0
t � H t Sx t (S

T
x t

H t Sx t )
� 1ST

x t
H t (44)

Theresultinginformationvectoris now obtainedby thefollowing simpleconsider-
ation:

~bt = � T
t

~H t = � T
t (H t � H t + ~H t )

= � T
t H t + � T

t ( ~H t � H t ) = bt + � T
t ( ~H t � H t ) (45)

All equationscanbe computedin constanttime. The effect of this approximation
is the deactivation of the featuresY 0, while introducingonly new links between
active features.The sparsi®cationrule requiresknowledgeof the meanvector � t
for all active features,which is obtainedvia theapproximationtechniquedescribed
in the previous section.From (45), it is obvious that the sparsi®cationdoesnot
affect themean� t , thatis, H � 1

t bT
t = [ ~H t ]� 1[~bt ]T . Furthermore,ourapproximation

minimizestheKL divergenceto thecorrectposterior. Thesepropertyis essentialfor
theconsistency of ourapproximation.

Thesparsi®cationis executedwhenever a measurementupdateor a motionup-
datewould violatea sparsenessconstraint.Active featuresarechosenfor deactiva-
tion in reverseorderof themagnitudeof their link. Thisstrategy tendsto deactivate
featureswhoselastsightingis furthestawayin time.Empirically, it inducesapprox-
imationerrorsthatarenegligible for appropriatelychosensparsenessconstraints� x
and� y .

4 Experimental Results

Our presentexperimentsare preliminary: They only rely on simulateddata,and
they requireknown dataassociations.Our primary goal wasto compareSEIFsto
thecomputationallymorecumbersomeEKF solutionthatis currentlyin widespread
use.

An examplesituationcomparingEKFswith our new ®lter canbefoundin Fig-
ure 6. This result is typical and was obtainedusing a sparseinformation matrix
with � x = 6, � x = 10, anda constanttime implementationof coordinatedescent
thatupdatesK = 10 randomlandmarkestimatesin additionto the landmarkesti-
matesconnectedto therobotatany giventime.Thekey observationis theapparent
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Figure 6. Comparisonof EKFswith SEIFsusinga simulationwith N = 50 landmarks.In
bothdiagrams,theleft panelsshow the�nal �lter result,whichindicateshighercertaintiesfor
ourapproachdueto theapproximationsinvolvedin maintainingasparseinformationmatrix.
Thecenterpanelsshow thelinks (red:betweentherobotandlandmarks;green:betweenland-
marks).Theright panelsshow theresultingcovarianceandnormalizedinformationmatrices
for bothapproaches.Noticethesimilarity!

similarity betweenthe EKF andthe SEIF result.Both estimatesarealmostindis-
tinguishable,despitethe fact that EKFs usequadraticupdatetime whereasSEIF
requireonly constanttime.

We alsoperformedsystematiccomparisonsof threealgorithms:EKFs,SEIFs,
anda variantof SEIFsin which theexact stateestimate� t is available.The latter
wasimplementedusingmatrix inversion(hencedoesnot run in constanttime). It
allowedusto teaseaparttheerrorintroducedby theamortizedmeanrecovery step,
from theerrorinducedthroughsparsi®cation.Thefollowing tabledepictsresultsfor
N = 50 landmarks,after500updatecycles,atwhichpointall threeapproachesare
nearconvergence.

# experiments ®nal error ®nal # of links computation
(sofar) (with 95%conf. interval) (with 95%conf. interval) (perupdate)

EKF 1,000 (5 :54 � 0:67) � 10� 3 1,275 O(N 2 )
SEIFwith exact� t 1,000 (4 :75 � 0:67) � 10� 3 549 � 1:60 O(N 3 )
SEIF(constanttime) 1,00 (6 :35 � 0:67) � 10� 3 549 � 1:59 O(1)

As theseresultssuggest,ourapproachapproximatesEKF very tightly. Theresidual
maperror of our approachis with 6:35 � 10� 3 approximately14.6%higher than
that of the extendedKalman®lter. This error appearsto be largely causedby the
coordinatedescentprocedure,andis possiblyin�ated by thefact thatK = 10 is a
smallvaluegiventhesizeof themap.Enforcingthesparsenessconstraintseemsnot
to have any negative effect on theoverall errorof the resultingmap,asthe results
for oursparse®lter implementationsuggest.Experimentalresultsusingareal-world
datasetcanbefoundin [14].
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5 Discussion

This paperproposeda constanttime algorithm for the SLAM problem.Our ap-
proachadoptedthe informationform of the EKF to representall estimates.Based
on the empirical observation that in the information form, most elementsin the
normalizedinformationmatrix arenear-zero,we developeda sparseextendedin-
formation®lter, or SEIF. This®lter enforcesasparseinformationmatrix,whichcan
beupdatedin constanttime.In thelinear SLAM case,all updatescanbeperformed
in constanttime; in the non-linearcase, additionalstateestimatesareneededthat
arenot partof the regular informationform of theEKF. We proposeda amortized
constant-timecoordinatedescentalgorithmfor recoveringthesestateestimatesfrom
theinformationform.

The approachhasbeenfully implementedandcomparedto the EKF solution.
Overall, we found thatSEIFsproduceresultsthatdiffer only marginally from that
of theEKFs.Giventhecomputationaladvantagesof SEIFsover EKFs,we believe
that SEIFsshouldbe a viable alternative to EKF solutionswhen building high-
dimensionalmaps.

Our approachputsa new perspective on therich literatureon hierarchicalmap-
ping, brie�y outlinedin the introductionto this paper. Like SEIF, thesetechniques
focusupdateson a subsetof all features,to gain computationalef®ciency. SEIFs,
however, composessubmapsdynamically, whereaspastwork reliedon thede®ni-
tion of staticsubmaps.Weconjecturethatoursparsenetwork structurescapturethe
naturaldependenciesin SLAM problemsmuchbetterthanstaticsubmapdecom-
positions,andin turn leadto moreaccurateresults.They alsoavoid problemsthat
frequentlyoccurat theboundaryof submaps,wheretheestimationcanbecomeun-
stable.However, theveri®cationof theseclaimswill besubjectto future research.
A relatedpaperdiscussestheapplicationof constanttimetechniquesto information
exchangeproblemsin multi-robotSLAM [21].
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