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Abstract. Thispaperdescribesscalablealgorithmfor thesimultaneousnappingandlocal-

ization (SLAM) problem.SLAM is the problemof determiningthe locationof ervironmen-
tal featureswith aroving robot. Many of today's populartechniquesarebasedon extended
Kalman lters (EKFs),which requireupdatetime quadratian the numberof featuresn the

map.This paperdevelopsthe notion of sparseextendednformation Iters (SEIFs),asanew

methodfor solvingthe SLAM problem.SEIFsexploit structureinherentin the SLAM prob-

lem, representingnapsthroughlocal, Web-like networks of featuresBy doing so, updates
canbe performedin constantime, irrespectve of the numberof featuresin the map.This

papempresentseveraloriginal constant-timeesultsof SEIFs,andprovidessimulationresults
thatshav thehighaccurag of theresultingmapsin comparisorio the computationallynore
cumbersom&KF solution.

1 Intr oduction

The simultaneoudocalizationand mapping(SLAM) problemis the problem of
acquiringamapof anunknavn ervironmentwith amoving robot,while simultane-
ouslylocalizingtherobotrelative to thismap[6,12]. The SLAM problemaddresses
situationswheretherobotlacksa global positioningsensorandinsteadhasto rely
onasensopf incrementakgo-motionfor robotpositionestimatione.g.,odometry
inertial navigation). Suchsensorsaccumulateerror over time, makingthe problem
of acquiringanaccuratenapa challengingone.Within mobilerobotics,the SLAM
problemis oftenreferredto asoneof the mostchallengingones[30].

In recentyears,the SLAM problemhasreceved considerablattentionby the
scienti®ccommunityanda urry of new algorithmsandtechniquesiasemepged,as
attestedfor example,by a recentworkshopon this topic [11]. Existing algorithms
canbe subdvided into batchand online techniquesThe former provide sophisti-
catedtechniquego copewith perceptuabmbiguities[2,25,33],but they canonly
generatanapsafter extensve batchprocessingOnline techniquesare speci®cally
suitedto acquiremapsastherobotnavigates[6,28], which is of greatpracticalim-
portancein mary navigation and exploration problems[26]. Today's mostwidely
usedonline algorithmsare basedon extendedKalman ®lters (EKFs), basedon a
seminalseriesof papers[18,28,27].EKFs calculateGaussiarposteriorsover the
locationsof ervironmentalfeaturesandtherobotitself.
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A key bottleneckof EKFs—whichhasbeensubjecto intenseresearch—igheir
computationatompleity. The standardEKF approachrequirestime quadraticin
thenumberof featuresn themap,for eachincrementalipdate This computational
burdenrestrictsEKFs to relatively sparsemapswith no morethana few hundred
featuresRecently several researcherbave developedhierarchicattechniqueghat
decomposenapsinto collectionsof smaller more manageablsubmapd1,8,34].
While in principle, hierarchicaltechniquescan solve this problemin linear time,
mary of thesetechniquesstill requirequadratictime per update.Onerecenttech-
niqueupdatesheestimatdan constantime [13] by restrictingall computatiorto the
submapin which the robot presentlyoperatesUsing approximatiortechniquedor
transitioningbetweersubmapsthiswork demonstratethatconsistenerrorbounds
canbe maintainedwith a constant-timealgorithm.However, the methoddoesnot
propa@teinformationto previously visited submapsinlessthe robotsubsequently
revisits theseregions. Hence,this methodsuffers a slower rate of corvergencein
comparisorio theO(N ?) full covariancesolution.Alternative methodsasecdn de-
compositioninto submapssuchasthe sequentiamapjoining techniqueslescribed
in [29,35]canachieve thesamerateof corvergenceasthefull EKF solution,but in-
curaO(n?) computationaburden A differentline of researcthasreliedon particle
®ltersfor ef®cientmapping[7]. TheFastSLAMalgorithm[17] andrelatedmapping
algorithms[19] requiretime logarithmicin the numberof featuresin the map,but
they dependinearly on aparticle-®lterspeci®cparametefthe numberof particles),
whosescalingwith ervironmentalsizeis still poorly understoodNoneof theseap-
proacheshowever, offer constantime updatingwhile simultaneouslynaintaining
global consisteng of the map. More recently (and motivatedby this paper),thin
junctiontreeshave beenappliedto the SLAM problemby Paskin[24]. This work
establishes viable alternatve to the approactproposechere,with somavhat dif-
ferentcomputationaproperties.

This paperproposesa new SLAM algorithm whoseupdatesrequire constant
time, independenbf the numberof featuresn the map.Our approachs basedon
thewell-known informationform of the EKF, alsoknown asthe extendedinforma-
tion ®lter (EIF) [22]. To achieve constantime updatingwe developanapproximate
EIF which maintainsa spaiserepresentationf ervironmentaldependencieEm-
pirical simulationresultsprovide evidencethatthe resultingmapsare comparable
in accuray to the computationallymuchmorecumbersom&KF solution,whichis
still atthe coreof mostwork in the®eld.

Our approachs bestmotivatedby investigating the workingsof the EKF. Fig-
ure 1 shaws theresultof EKF mappingin anernvironmentwith 50 landmarksThe
left panelshavs a moving robot, alongwith its Gaussiarestimateof the location
of all 50 pointfeaturesThecentralinformationmaintainecby the EKF solutionis a
covariancematrix of thesedifferentestimatesThe normalizedcovariancej.e., the
correlation,s visualizedin the centermpanelof this ®gure.Eachof thetwo axeslists
the robot pose(x-y locationandorientation)followed by the x-y-locationsof the
50landmarksDark entriesindicatestrongcorrelationslt is known thatin thelimit
of SLAM, all x-coordinatesandall y-coordinatesbecomefully correlated6]. The
checlerboardappearancef the correlationmatrix illustratesthis fact. Maintain-
ing thesecross-correlations—okhich therearequadraticallymary in the number
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Figure 1. Typicalsnapshotsf EKFsappliedto the SLAM problem:Shavn hereis amap(left
panel)acorrelation(centerpanel),andanormalizednformationmatrix (right panel).Notice
thatthenormalizednformationmatrix is naturallyalmostsparsemotivating our approactof
usingsparsenformationmatricesn SLAM.

of featuresin the map—areessentiato the SLAM problem.This obsenation has
givenrise to the (false)suspicionthat online SLAM is inherentlyquadraticin the
numberof featuresn themap.

Thekey insightthat motivatesour approachs shavn in theright panelof Fig-
ure 1. Shawvn thereis the inverse covariancematrix (also known asinformation
matrix [16,22]), normalizedjust like the correlationmatrix. Elementsin this nor
malizedinformationmatrix canbe thoughtof asconstraintspr links, betweernthe
locationsof differentfeatures:The darker an entryin the display the strongerthe
link. As this depictionsuggeststhe normalizedinformation matrix appeargo be
naturallysparseit is dominatedby a smallnumberof stronglinks, andpossesses
large numberof links whosevalues,whennormalized arenearzero.Furthermore,
link strengthis relatedto distanceof featuresStronglinks arefound only between
geometricallynearbyfeatures.The more distanttwo landmarksthe wealer their
link. This obsenationsuggesthatthe EKF solutionto SLAM possesseisnportant
structurethatcanbe exploited for moreef®cient solutions.While ary two features
arefully correlatedn thelimit, the correlationarisesmainly througha network of
local links, which only connectnhearbylandmarks.

Our approachexploits this structureby maintaininga sparseinformation ma-
trix, in which only nearbyfeaturesarelinked througha non-zeroelement.There-
sulting network structureis illustratedin the right panelof Figure 2, wheredisks
correspondgo point featuresand dashedarcsto links, as speci®edin the infor-
mationmatrix visualizedon the left. Shovn alsois the robot, which is linked to a
small subsebf all featuresonly, calledactive featuresanddrawn in black. Storing
asparsanformationmatrix requiredinearspaceMore importantly updatecanbe
performedin constantime, regardlessof the numberof featuresin the map.The
resulting®lter is a sparse extendedinformation lter , or SEIE We shav empiri-
cally thatthe SEIFstightly approximateconventionalextendedinformation®lters,
which previously appliedto SLAM problemsn [20,22]andwhich arefunctionally
equialentto the popularEKF solution.

Ourtechniquas probablymostcloselyrelatedto work on SLAM ®ltersthatrep-
resentrelative distancessuchasNewman's geometrigprojection®lter [23] andex-
tensiond5], andCsorbas relative ®lter [4]. Neitherof thesealternatve approaches
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Figure 2. lllustration of the network of landmarksgeneratedyy our approach.Shavn on
the left is a sparsanformation matrix, andon the right a mapin which entitiesare linked
whoseinformationmatrix elementis non-zero As arguedin the paper the factthatnot all

landmarksareconnecteds a key structuralelementof the SLAM problem,andat the heart
of our constantime solution.

permitsconstantime updatingin SLAM, thoughit appearghatthesetechniques
could be developedinto constantime algorithms,usingapproximationsimilar to
the onesdescribedchere.Our work is alsorelatedto the rich body of literatureon
topologicalmapping[3,10,15,36]which typically doesnot represenaboutdepen-
denciesandcorrelationdn therepresentationf uncertainty

2 ExtendedInformation Filters

This sectionreviews the extendednformation®lter (EIF), which formsthe basisof
our work. EIFs arecomputationallyequivalentto extendedkalman®lters (EKFs),
but they represeninformationdifferently:insteadof maintaininga covariancema-
trix, the EIF maintainsan inversecovariancematrix, also known asinformation
matrix. EIFs have previously beenappliedto the SLAM problem,mostnotablyby
Nettletonand colleagueq20,22], but they are muchlesscommonthanthe EKF
approach.

Most of the materialin this sectionappliesequallyto linearandnon-linear®I-
ters.We have choserto presenall materialin the extended non-linearform, since
robotsareinherentlynon-linear

2.1 Information Form of the SLAM Problem

Let x; denotethe poseof therobotattime t. For rigid mobile robotsoperatingin
a planarervironment,the poseis given by its two Cartesiancoordinatesandthe
robot's headingdirection.Let N denotethe numberof featureqe.g.,landmarksjn
the ervironment.The variabley, with 1  n N denoteghe poseof the n-th
feature.For example,for pointlandmarksin the plane,y, may comprisethe two-
dimensionalartesiarcoordinate®f thislandmarkIn SLAM, it is usuallyassumed
thatfeaturesdo not changeheir pose(or location)overtime.

Therobotposex; andthe setof all featurelocationsY togetherconstitutethe

stateof the ervironment.lt will be denotedby thevector { = X¢ Y1 ::: YN T,
wherethe superscripf refersto thetransposef a vector



SLAM With SparseExtendednformationFilters: Theoryandlnitial Results 5

In the SLAM problemiit is impossibleto sensehestate ; directly—otherwise
therewould be no mappingproblem.Instead the robot seeksto recover a proba-
bilistic estimateof ;. Written in a Bayesianform, our goal shall be to calculatea
posteriordistribution overthestate ;. Thisposteriom( ; j z'; u') is conditionedon

sormeasurementg might,for example specifytheapproximatgangeandbearing
to nearbyfeatures Controlsu; specifythe robot motion commandassertedn the
timeintenval (t  1;t].

Following the rich EKF traditionin the SLAM literature,our approachrepre-
sentsthe posteriorp( ¢ j z';u') by a multivariate Gaussiardistribution over the
state ;. Themeanof thisdistributionwill bedenoted ;, andcovariancematrix :

p(¢jzhut)/ exp %( t 07 t Yy t) 1)

Theproportionalitysignreplaces constanhormalizerthatis easilyrecoveredfrom
thecovariance ;. Therepresentatioof the posteriorvia themean ; andthe co-
variancematrix . is the basisof the EKF solutionto the SLAM problem(andto
EKFsin general).

Information®Iters representhe sameposteriorthrougha so-calledinformation
matrix H; andaninformationvectorbh—insteadof ; and ;. Theseareobtained
by multiplying outthe exponentof (1):
tT t ! t 2 tT t ! t

+
T 1 T 1 1 T 1
totott g Tt 5t (2

= exp

Nl N

= exp

We now obsere thatthe lasttermin the exponent, % 7 ! { doesnotcontain

the free variable ; andhencecanbe subsumednto the constaninormalizer This
givesustheform:

I expf %tTl{fZ; t+ E{Zt_; td 3)
= H; = by

Theinformationmatrix H; andthe informationvectorb, arenow de®nedasindi-
cated:

He= ! and b = [H (4)

Usingthesenotationsthedesiredposteriorcannow berepresenteth whatis com-
monly known astheinformationform of the Kalman®lter:

p(tjz5u)/ exp 5 [Hy o+l (5)

As the readermay easily notice, both representationsf the multi-variate Gaus-
sianposteriorarefunctionally equivalent(with the exceptionof certaindegenerate
cases).The EKF representatiorof the mean ; and covariance , andthe EIF

representatioof theinformationvectorly andtheinformationmatrixH;. In partic-

ular, the EKF representatiocanbe ‘recovered' from the informationform via the

following algebra:

(= H ! and ¢ = H W o= (6)
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(CY (b)

Figure 3. Theeffect of measurementsn theinformationmatrix andthe associatesetwork
of features:(a) Observingy: resultsin a modi cation of the information matrix elements
Hyx, . - (b) Similarly, observingy, affectsHy, y , . Bothupdateganbecarriedoutin constant
time.

The advantageof the EIF over the EKF will becomeapparenfurther belov, when
theconcepibf sparseElIFswill beintroduced.

Of particularintereswill bethegeometryof theinformationmatrix. This matrix
is symmetricandpositive-de®nite:

0 1
HXt;Xt th;y1 HXtJYN

Ht - %Hyj'.;xt Hy?i)’1 . Hyln;yN § (7)

HYN Xt HYN Y1 HYN YN

Eachelementin the informationmatrix constraintsone (on the main diagonal)or
two (off the main diagonal)elementsn the statevector We will referto the off-
diagonakelementsslinks: thematricesHy, .y, link togethetherobotposeestimate
andthelocationestimateof a speci®cfeature andthe matricesH,, y , forn 6 n°
link togethertwo featurelocationsy, andyno. Although rarely madeexplicit, the
manipulationof theselinks is the very essencef Gaussiarsolutionsto the SLAM
problem.It will beananalysisof thesdinks thatultimatelyleadsto a constant-time
solutionto the SLAM problem.

2.2 MeasurementUpdates

In SLAM, measurementg, carry spatialinformationon the relationof the robot's
poseandthelocationof afeature.For example,z; might bethe approximateange
andbearingto a nearbylandmark.Without lossof generality we will assumehat
eachmeasuremert; correspondso exactly onefeaturein the map. Sightingsof
multiple featuresatthe sametime may easilybe processeane-afteranother
Figure 3 illustratesthe effect of measurementsn the information matrix H.
Supposgherobotmeasurethe approximatgangeandbearingto thefeaturey,, as
illustratedin Figure3a. This obsenation links the robot posex; to thelocationof
y1. Thestrengthof thelink is givenby thelevel of noisein themeasurementpdat-
ing EIFs basedon this measuremerivolvesthe manipulationof the off-diagonal
elementdH,, ., andtheirsymmetriccounterpart$dy ., thatlink togetherx; andy.
Additionally, the on-diagonaklementsH,, x, andHy, ., arealsoupdated.These
updatesare additive: Eachobsenration of a featurey increaseshe strengthof the
total link betweenthe robot poseandthis very feature,andwith it the total infor-
mationin the ®lter. Figure3b shavs theincorporationof a secondneasurementf
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a differentfeature,y,. In responseéo this measurementhe EIF updateghe links
Hy iy, = HJZ;X1 (andHy, x, andHy, ., ). Asthisexamplesuggestsmeasurements
introducelinks only betweenthe robot posex; and obsered features.Measure-
mentsnever generatdinks betweenpairsof landmarksor betweenthe robot and
unobseredlandmarks.

For a mathematicablerivation of the updaterule, we obsene that Bayesrule

enablesisto factorthe desiredposteriorinto the following product:
.ot 1.

p( ¢jz5u)/ plzej ;28 Hu)plojzt Huh)
=p(zj )p(cjzt tuh) (8)

The secondstepof this derivation exploited common(andobvious) independences
in SLAM problems[32]. For the time being, we assumeahatp( ; j z' 1;u!) is
representethy H; andh . Thosewill bediscussedn the next sectionwhererobot
motionwill beaddressedl hekey questioraddresseth thissectionthus,concerns
the representatiomf the probability distribution p(z; j ) andthe mechanicof
carrying out the multiplication above. In the “extended'family of ®lters, a com-
mon modelof robot perceptionis onein which measurementare governedvia a
deterministionon-linearmeasuremerfunctionh with addedGaussiamoise:

ze = h( )+ " 9)

Here" is anindependennoisevariablewith zeromeanwhosecovariancewill be
denotedZ. Putinto probabilisticterms,(9) speci®esa Gaussiardistribution over
themeasuremergpaceof theform

p(zej )/ exp %(Zt h()TZ Yz h()
(10)
Following therich literatureof EKFs,ElIFsapproximatehis Gaussiamy linearizing

themeasuremerftinctionh. More speci®cally a Taylor seriesexpansiorof h gives
us

h(¢) h(o)+r h( )l t] (11)
wherer h( ;) isthe®rstderivative (Jacobiandf h with respecto thestatevariable
,taken = . For brevity, wewill write 2, = h( {) toindicatethatthisis a pre-

diction givenour stateestimate . Thetransposef the Jacobiamatrixr h( )
andwill bedenotedC;. With thesede®nitions,Equation(11) readsasfollows:

h(¢) 2+C/ (¢ o) (12)

This approximationeadsto thefollowing Gaussiarapproximatiorof the measure-
mentdensity(10):

P(zc] )/ exp Xz 2 Cl (+Cl )'Z Yz 2 C[ (+Cl (13)
Multiplying outthe exponentandregroupingtheresultingtermsgivesus
=exp 1/Cz Ccl +(=z &+C )’z 'c/, (14)
z 2+C )'Z Yz n+Cl )
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As before,the ®nal termin the exponentdoesnot dependon the variable ; and
hencecanbe subsumedhto the proportionalityfactor:

I exp 27Cz Cl +(@ 2&+Cl 'z 'cl, (15)

We arenow in the positionto statethe measuremenipdateequationwhichimple-
mentthe probabilisticlaw (8).
p(ejzhu’) / exp 3 (Hio+ by
exp Gz Cli+(@ &n+Cl )z ¢,

2t
= expf 1 J(I-h + c{,zz 1ctT}) ¢+ (|q +(zx % +{§:J V4 1ctT}) +9(16)
H[ b[
Thus,the measuremenipdateof the EIF is givenby thefollowing additive rule:
H¢= H + Cz i/ (17)
bh=hb+(z &+Cl )’z 'Cc/ (18)

In thegenerakase theseupdatesnay modify the entireinformationmatrixH; and
vectorhy, respectiely. A key obsenationof all SLAM problemss thatthe Jacobian
C. is sparse In particular C; is zeroexceptfor the elementghatcorrespondo the
robotposex; andthefeaturey; obseredattimet.

T
CG= &0 080 o (19)
This sparsenesis dueto the factthat measurements; areonly a function of the
relative distanceandorientationof the robotto the obseredfeature.As a pleasing
consequenceahe updateC,Z C/ to theinformationmatrixin (17)is only non-
zeroin four places:the off-diagonalelementghatlink the robotposex; with the
obsenedfeaturey;, andthe main-diagonaklementghat correspondo x; andy;.

Thus,theupdateequationg17) and(18) arewell in tunewith our intuitive descrip-
tion givenin thebeginningof this section wherewe arguedthatmeasurementsnly

strengtherthe links betweertherobotposeandobsered featuresjn theinforma-
tion matrix.

To comparehis to the EKF solution,we noticethat eventhoughthe changeof
theinformationmatrixis local, theresultingcovarianceusuallychange$n non-local
ways.put differently, the differencebetweertheold covariance = H, * andthe
new covariancematrix = H, ! is usuallynon-zeroeverywhere.

2.3 Motion Updates

Thesecondmportantstepof SLAM concernghe updateof the®Iter in accordance
to robotmotion. In the standardSLAM problem,only the robotposechangesver
time. Theernvironmentis static.

Theeffect of robotmotionontheinformationmatrix H; areslightly morecom-
plicatedthanthatof measurementsigure4aillustratesaninformationmatrix and
the associatedhetwork beforethe robotmaoves,in which the robotis linked to two
(previously obsered)landmarkslf robotmotionwasfree of noise,this link struc-
ture would not be affectedby robot motion. However, the noisein robotactuation
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() (b)

Figure 4. The effect of motion on theinformationmatrix andthe associatedetwork of fea-

tures:(a) beforemotion,and(b) aftermotion.If motionis non-deterministicmotionupdates
introducenew links (or reinforceexistinglinks) betweerary two active featureswhile weak-

eningthelinks betweertherobotandthosefeaturesThis stepintroducedinks betweerpairs

of landmarks.

wealensthelink betweertherobotandall active featuresHenceHy, .y, andHy, .y,
aredecreasetby a certainamount.This decreasee ects the factthatthe noisein
motion inducesa lossof information of the relative location of the featuresto the
robot.Not all of thisinformationis lost, however. Someof it is shiftedinto between-
landmarklinks Hy, .y, , asillustratedin Figure 4b. This re ects the fact that even
thoughthemotioninducedalossof informationof therobotrelative to thefeatures,
no informationwaslost betweenindividual features Robot motion, thus, hasthe
effectthatfeatureghatwereindirectly linkedthroughtherobotposebecomdinked
directly.

To derive the updaterule, we begin with a Bayesiandescriptionof robot mo-
tion. Updatinga ®lter basedon robotmotion motioninvolvesthe calculationof the
following posterior:

Z
p(ejzt Hu)y= p(ej ¢zt Hu)p(e 1jzt Hu)dy g (20)
ExploitingthecommonSLAM independenceg82] leadsto
Z
= p(ej ¢ su)p(e 1jzt Hut Hdyog (21)

Thetermp( ¢ 1 j z' ;ut 1) istheposteriorattimet 1, representethy H; 1
andh ;. Ourconcernwill thereforebe with the remainingtermp( ¢+ j + 1;Uu),
which characterizesobotmotionin probabilisticterms.

Similar to the measuremenhodelabove, it is commonpracticeto modelrobot
motionby a non-linearfunctionwith addedndependenGaussiamoise:

t= t 1+ ¢ with t = 0(t 1;ur)+ Sy ¢ (22)

Hereg is themotionmodel,avectorvaluedfunctionwhichis non-zeroonly for the
robotposecoordinatesasfeaturelocationsarestaticin SLAM. Thetermlabeled ¢
constituteghe statechangeat time t. The stochastigartof this changds modeled
by ,aGaussiamandomvariablewith zeromeanandcovariancel;. ThisGaussian
variableis alow-dimensionalariablede®nedfor the robotposeonly. HereS is a
projectionmatrix of theform Sy, = (1 0 ::: O)T,wherel is anidentity matrix of
the samedimensionastherobotposevectorx; andasof . EachO in this matrix
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refersto a null matrix, of which thereareN in S. The productS, ¢, hencegive
thefollowing generalizedhoisevariable ,enlagedto the dimensionof thefull state

vector :Sy ¢ = (¢ 0::: O)T. In EIFs,the functiong in (22) is approximated
by its ®rst degreeTaylor seriesexpansion:

9t 1sU) 9( e vsu)+r g e vyudle 1 ¢l
= N+At A (23)

HereA; = r g( t 1;Uu;) isthederiative of g with respecto at =  ; and
u;. The symbol " is shortfor the predictedmotion effect, g( ; 1;u;). Plugging
this approximatiorinto (22) leadsto anapproximatiorof ¢, thestateattimet:

t (+A) 1+ "t At 1+ Sy (24)

Hence,under this approximationthe randomvariable ; is again Gaussiandis-
tributed. Its meanis obtainedby replacing ; and ¢ in (24) by their respectie
means:

AN

= (+A) ¢ 1+ ™ A 1+S0= ¢+ N (25)

The covarianceof  is simply obtainedby scaledandaddingthe covarianceof the
Gaussiarvariableson theright-handsideof (24):
t=(+A) ¢ 1(1+A)T+0 0+ SUS]
= (I+A) 1l + AT + SUS; (26)
Updateequationg25) and(26) arein the EKF form, thatis, they arede®nedover

meansand covariances.The information form is now easily recoveredfrom the
de®nitionof theinformationformin (4) andits inversein (6). In particulay we have

1

Ho = 1= (1+A) ¢ 1(1+A)T + S,US]
= (1 +AQH, L0 +A)T + s,usT 27)
; h RE N
b = th:htl+t He = Hesb o+ 7 He
|
= b H 3+ T H (28)

Theseequationsappeaicomputationallyinvolved,in thatthey requiretheinversion
of largematricesln thegenerakasethecompleity of the EIF is thereforecubicin
the sizeof the statespaceln the next section,we provide the surprisingresultthat
bothH; andl canbecomputedn constantimeif H; ; is sparse.

3 SparseExtendedInformation Filters

Thecentral,new algorithmpresentedh this paperis the Spase Extendednforma-
tion Filter, or SEIF. SEIF differ from the extendedinformation®Ilter describedn
the previous sectionin thatis maintainsa spaiseinformationmatrix. An informa-
tion matrix H; is consideredspaiseif the numberof links to therobotandto each
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featurein the mapis boundedby a constanthatis independenbf the numberof
featuredn the map.The boundfor the numberof links betweertherobotposeand
otherfeaturesn themapwill bedenoted ; the boundon the numberof links for
eachfeature(not countingthelink to therobot)will bedenoted y. The motivation
for maintaininga sparseinformation matrix was alreadygiven above: In SLAM,
the normalizedinformation matrix is alreadyalmostsparseThis suggestshat by
enforcingsparsenessheinducedapproximatiorerroris small.

3.1 ConstantTime Results

We begin by proving threeimportantconstantime resultswhichform thebackbone
of SEIFs.All proofscanbefoundin [31].

Lemmal: The measuremenipdatein Section(2.2) requiresconstantime, ir-
respectie of thenumberof featuresn the map.

This lemmaensureghat measurementsan be incorporatedn constanttime.
Noticethatthislemmadoesnotrequiresparsenessf theinformationmatrix; rather
it is awell-known propertyof information®ltersin SLAM.

Lesstrivial is thefollowing lemma:

Lemma2: If theinformationmatrix is sparseandA; = 0, the motionupdatein
Section(2.3) requiresconstantime. The constant-timeipdateequationsaregiven

by:
Le = Sx[Up '+ S{Hy 1S *S{H¢ 1
Hi = Ht 1 He il (29)
h=h 1+ "TH 1 b Lo+ "THe 1Ly

ThisresultaddressetheimportantspecialcaseA; = 0, thatis, theJacobiarof pose
changewith respecto the absoluterobot poseis zero. This is the casefor robots
with linearmechanicsandwith non-linearmechanicsvherethereis no “cross-talk’
betweerabsolutecoordinatesindthe additive changedueto motion.

In general A; 6 0, sincethex-y updatedepend®n therobotorientation.This
caseis addressetly thenext lemma:

Lemmaa3: If theinformationmatrix is sparsethemotionupdaten Section(2.3)
requiresconstantime if the mean  is availablefor the robotposeandall active
landmarks.The constant-timeipdateequationsaregivenby:

| Se(l +[STAS] Y s]
He 1= (Heao
H ¢=HY 1S[U *+ S HP 1S 'S{HY
He=HZ 1 H ¢
b=k 1 [ (H¢ Hoa+HY )+ TH, (30)
For A; 6 0, aconstantime updaterequiresknowledgeof themean ; ; before
the motion commandfor the robotposeandall active landmarkgbut not the pas-
sive features)Thisinformationis not maintainedby the standardnformation®lter,

andextractingit in the straightforvard way (via Equation(6)) requiresmorethan
constantime. A constant-timesolutionto this problemwill now bepresented.
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3.2 Amortized Approximated Map Recovery

Beforederiving analgorithmfor recoveringthe stateestimate  from theinforma-

tion form, let usbrie y considerwhatpartsof ; areneededn SEIFs,andwhen.
SEIFsneedthe stateestimate ; of the robot poseandthe active featuresin the

map. Theseestimatesare neededat threedifferentoccasions(1) the linearization
of thenon-lineameasuremerdandmotion model,(2) the motionupdateaccording
to Lemmag3, and(3) the sparsi®catiortechniquedescribedurther belaw. For lin-

earsystemsthemeansareonly neededor thesparsi®catior{third pointabove). We
alsonotethatwe only needconstantlymary of thevaluesin , namelytheestimate
of therobotposeandof thelocationsof active features.

As statedn (6), themeanvector ; is afunctionof H; andh:

t = H, IQT = tQT (31)

Unfortunately calculating(31) directly involves inverting a large matrix, which
would requiresmorethanconstantime.

The sparsenessf thematrix H; allows usto recover the stateincrementallyn
particular we cando so on-line, asthe datais beinggatheredandthe estimatesdh
andH arebeingconstructedTo do so,it will prove corvenientto pose(31) asan
optimizationproblem:

Lemma4: Thestate . is themode”y := argmax  p( t) of the Gaussiardis-
tribution, de®nedoverthevariable ; :

p( )= const exp 1 TH¢ +b (32)

Here  is avectorof thesameform anddimensionalityas . Thislemmasuggests
thatrecovering  is equivalentto ®nding the modeof (32). Thus, it transformsa
matrix inversionprobleminto anoptimizationproblem.For this optimizationprob-
lem, we will now describeaniterative hill climbing algorithmwhich, thanksto the
sparsenessf the informationmatrix, requiresonly constantime peroptimization
update.

Our approacthis aninstantiationof coordinatedescentFor simplicity, we state
it herefor a singlecoordinateonly; ourimplementatioriteratesa constaninumber
K of suchoptimizationsaftereachmeasuremenipdatestep.Themode / of (32)
is attainedat:

A = argmax p( ;) = argmax exp 5 {H{ ¢+ b ¢
t

=argmin 1 THy ¢ B . (33)

We notethatthe argumentof the min-operatoiin (33) canbewrittenin aform that
malkestheindividual coordinatevariables i (for thei-th coordinateof ) explicit:
1T T — 1 X X T X T
2t He Q t— 2 i;tHi;j O h;t it (34)
i j i
whereH;; ;1 is the elementwith coordinateg(i; j) in H¢, andhb if thei-th com-
ponentof the vectorh,. Taking the derivative of this expressionwith respecto an
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() (b)

Figure 5. Sparsi cation: A featureis deactvated by eliminatingits link to the robot. To
compensatéor this changein information state,links betweenactve featuresand/orthe
robotarealsoupdatedThe entireoperationcanbe performedn constantime.

arbitrarycoordinatevariable i givesus
8 9
@ < 1 X X T X T - X T
@ 3 it Higot g h;t it. = Hijt it tl;t (35)

i i j

Settingthisto zeroleadsto theoptimumof thei-th coordinatevariable i givenall
otherestimates; y:
2 3

X

k+1 k

i[;t+] = Hi;i;t1 4hT;t Hij :t j[;t]5 (36)
igi

The sameexpressioncan corveniently be written in matrix notation,wereS; is a
projectionmatrix for extractingthei-th componenfrom thematrixHy:
h i
k+1 k k
B9 = (sTHS) 8T b He M+ HissT [ (37)

All otherestimates jo; with i® 6 i remainunchangedn this updatestep,thatis,

i =

n Asis easilyseenthenumberf elementsn thesummatiorin (36),andhencehe
vectormultiplicationin (37),is constantf H, is sparseHence gachupdaterequires
constantime. To maintainthe constant-timepropertyof our SLAM algorithm,we
canafford a constaninumberof updateK pertime step.This will generallynot
leadto corvergence put therelaxationprocessakesplaceover multiple time steps,
resultingin smallerrorsin theoverall estimate.

3.3 Sparsi cation

The ®nal stepin SEIFsconcernghe sparsi®catiorof the information matrix H.
Sparsi®cationis necessarilyan approximatve step,sinceinformation matricesin
SLAM arenaturallynot sparse—eenthoughnormalizednformationmatricesend
to bealmostsparseln thecontet of SLAM, it suf®cesto remove links (deactvate)
betweenthe robot poseandindividual featuresin the map;if donecorrectly this
alsolimits the numberof links betweerpairsof features.

Toseeletusbrie y considethetwo circumstanceanderwhichanew link may
beintroducedFirst, observinga passve featureactivatesthis feature thatis, intro-
ducesa new link betweenthe robot poseandthe very feature.Thus,measurement
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updategotentiallyviolatethebound . Secondmotionintroducedinks between
ary two active featuresandhenceeadto violationsof thebound . This consider

ation suggestshat controlling the numberof active featurescanavoid violation of

bothsparsenedsounds.

Our sparsi®catiortechniquses illustratedin Figure5. Shovn thereis the situa-
tion beforeandaftersparsi®cationTheremoval of alink in thenetwork corresponds
to settingan elementin the information matrix to zero; however, this requiresthe
manipulationof otherlinks betweenthe robotandotheractive landmarks.The re-
sultingnetwork is only anapproximatiorto theoriginal one,whosequality depends
onthemagnitudeof thelink beforeremoval.

We will now presenta constant-timesparsi®catiortechnique.To do so, it will
prove usefulto partitionthe setof all featurednto threesubsets:

Y=Y"]1Y°]Y (38)

whereY * isthesetof all active featureghatshallremainactive. Y © areoneor more
active featureghatwe seekto deactvate(remove thelink to therobot).Finally, Y
areall currentlypassve features.

The sparsi®catioris bestderived from ®rst principles.If Y ] Y containsall
currentlyactive featuresthe posteriorcanbefactoredasfollows:

p(x;;Y jzhut) = pxi; YO YT Y jzhuh)
p(xe j YO YTy cZ2hu) pY% Yty jztiub)
pxe j YO Y Y = 0,25u) pY% YTy jztiul) (39)

In the last stepwe exploited the fact that if we know the active featuresy © and
Y *, the variablex; doesnot dependon the passie featuresY . We canhence
setY to an arbitrary value without affecting the conditional posteriorover X,
p(x¢ j YO Y'Y ;z':u'). HerewesimplychoseY = 0.

To sparsifytheinformationmatrix, the posterioris approximatedy the follow-
ing distribution, in which we simply drop the dependencen Y © in the ®rst term.
It is easilyshown that this distribution minimizesthe KL divergenceto the exact,
non-sparselistribution:

B(xe;Y jZzhut) = p(x¢ j Y'Y = 0;z5u) p(Y% Y Y jzhiut)
_ pxg; YT Y =025 u) 0.yt . Dot
= YT IY = oz p(Y”;Y™; Y jz;uh) (40)

This posterioris calculatedn constantime. In particular we begin by calculating
theinformationmatrix for the distributionp(x;; Y°;Y* j Y = 0) of all variables
butY ,andconditionedonY = 0. Thisis obtainedby extractingthe submatrix
of all statevariablesbut Y

He= Sx;Y*;YOS;(r;Y*;YOHtSX:Y*iYOS;(r;Y*;YO (41)

With that, the inversionlemmaleadsto the following informationmatricesfor the
termsp(x;;Y* j Y = 0;z'u’) andp(Y* jY = 0;z';u'), denotedH{ and
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HZ, respectiely:
HE = HY HESv (ST, HSy,) 'Sy, HY
HE = HY  HSavo(Sly HiSxv,) Siy HY (42)

Here the various S-matricesare projection matrices,analogougo the matrix Sy
de®nedabove. The ®nal termin our approximation(40), p(Y;Y*;Y j z';u!),
hasthefollowing informationmatrix:

HZ = H¢ HSk (Si HiSx,) 'Sy Hq (43)

Puttingtheseexpressiondogetheraccordingto Equation(40) yields the following
informationmatrix, in which thelandmarky © is now indeeddeactvated:

He= HE HZ+H? = Hi HSy(Sy,HSy,) 'Sy H?
+HtOSX;Yo(SI;Y0HtOSx;Yo) 1S>I;Y0Ht0 HtSXI(S)-(I—[HtSXt) lSI,Ht (44)

Theresultinginformationvectoris now obtainedoy thefollowing simpleconsider
ation:

[ tTHt: tT(Ht H: + Hy)
= [H¢+ [(AH Hy) = b+ [(AH Hy) (45)

All equationscanbe computedin constantime. The effect of this approximation
is the deactvation of the featuresY , while introducingonly new links between
active features.The sparsi®catiorrule requiresknowledge of the meanvector
for all active featureswhich is obtainedvia the approximatiortechniquedescribed
in the previous section.From (45), it is obvious that the sparsi®cationdoesnot
affectthemean 1, thatis, H, *f = [H] ![&]". Furthermorepurapproximation
minimizestheKL divergenceto the correctposterior Thesepropertyis essentiafor
the consisteng of our approximation.

The sparsi®catioris executedwheneer a measuremenipdateor a motion up-
datewould violate a sparsenessonstraint Active featuresarechoserfor deactva-
tionin reverseorderof themagnitudeof their link. This strategyy tendsto deactvate
featuresvhoselastsightingis furthestaway in time. Empirically, it inducesapprox-
imationerrorsthatarenegligible for appropriately}chosersparsenessonstraints 4
and .

4 Experimental Results

Our presentexperimentsare preliminary: They only rely on simulateddata,and
they requireknovn dataassociationsOur primary goal wasto compareSEIFsto
thecomputationallymorecumbersom&KF solutionthatis currentlyin widespread
use.

An examplesituationcomparingeKFswith our new ®Iter canbefoundin Fig-
ure 6. This resultis typical and was obtainedusing a sparseinformation matrix
with « = 6, x = 10, anda constantime implementatiorof coordinatedescent
thatupdateK = 10randomlandmarkestimatesn additionto the landmarkesti-
matesconnectedo therobotatary giventime. Thekey obsenrationis theapparent
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Figure 6. Comparisorof EKFswith SEIFsusinga simulationwith N = 50 landmarksin

bothdiagramstheleft panelsshav the nal lter resultwhichindicateshighercertaintiedor

ourapproactdueto theapproximationgnvolvedin maintaininga sparsenformationmatrix.

Thecentepanelshaw thelinks (red:betweerntherobotandlandmarksgreenbetweeriand-
marks).Theright panelsshov theresultingcovarianceandnormalizednformationmatrices
for bothapproached\oticethe similarity!

similarity betweenthe EKF andthe SEIF result. Both estimatesare almostindis-
tinguishable despitethe fact that EKFs use quadraticupdatetime whereasSEIF
requireonly constantime.

We also performedsystematiccomparison®f threealgorithms:EKFs, SEIFs,
anda variantof SEIFsin which the exact stateestimate ; is available.The latter
wasimplementedusing matrix inversion(hencedoesnot run in constantime). It
allowedusto teaseapartthe errorintroducedby theamortizedmeanrecovery step,
from theerrorinducedthroughsparsi®cationThefollowing tabledepictsresultsfor
N = 50landmarksafter500updatecycles,at which pointall threeapproacheare
nearcorvergence.

# experiment: ®nalerror ®nal# of links computatign
(sofar)  |(with 95%conf.interval) |(with 95%conf.interal)| (perupdate
EKF 1,000 |[(5:54 0:67) 10 ° 1,275 O(N?)
SEIFwith exact . 1,000 |(4:75 0:67) 10 3 549  1:60 O(N?3)
SEIF (constantime) 1,00 (6:35 0:67) 10 2 549 1:59 o(1)

As theseresultssuggestour approactapproximate&KF very tightly. Theresidual
map error of our approachis with 6:35 10 2 approximately14.6% higherthan
that of the extendedKalman®lter. This error appeardo be largely causedby the
coordinatedescenprocedureandis possiblyin ated by thefactthatKk = 10isa
smallvaluegiventhesizeof themap.Enforcingthesparsenessonstrainseemshot
to have ary negative effect on the overall error of the resultingmap, asthe results
for our sparse®lter implementatiorsuggestExperimentatesultsusingareal-world
datasetcanbefoundin [14].
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5 Discussion

This paperproposeda constanttime algorithm for the SLAM problem. Our ap-
proachadoptedthe informationform of the EKF to representll estimatesBased
on the empirical obsenation that in the information form, most elementsin the
normalizedinformation matrix are nearzero,we developeda spaise extendedin-
formation®Iter, or SEIF. This®lter enforcesa sparsénformationmatrix, which can
beupdatedn constantime. In thelinear SLAM caseall updatesanbeperformed
in constantime; in the non-linearcase additionalstateestimatesare neededhat
arenot partof theregularinformationform of the EKF. We proposeda amortized
constant-timeoordinatedescenalgorithmfor recoseringthesestateestimatesrom
theinformationform.

The approachhasbeenfully implementedand comparedo the EKF solution.
Overall, we found that SEIFsproduceresultsthat differ only mamginally from that
of the EKFs. Giventhe computationahdwantagef SEIFsover EKFs,we believe
that SEIFsshouldbe a viable alternatve to EKF solutionswhen building high-
dimensionamaps.

Our approactputsa new perspectie ontherich literatureon hierarchicaimap-
ping, brie y outlinedin the introductionto this paper Like SEIF, thesetechniques
focusupdateson a subsetof all featuresto gain computationakf®ciengy. SEIFs,
however, composesubmapsdynamically whereagastwork relied on the de®ni-
tion of staticsubmapsWe conjecturghatour sparsenetwork structuresapturethe
naturaldependenciegn SLAM problemsmuch betterthan static submapdecom-
positions,andin turn leadto moreaccurateesults.They alsoavoid problemsthat
frequentlyoccurat the boundaryof submapswherethe estimationcanbecomeun-
stable.However, the veri®cationof theseclaimswill be subjectto future research.
A relatedpaperdiscussegheapplicationof constantime techniquego information
exchangeproblemsn multi-robotSLAM [21].
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