
Rigid Body Dynamics in Body-fixed frame (assuming origin at center of mass)

• 𝑓𝑓𝑏𝑏 = 𝑚𝑚 �̇�𝑣 + 𝑚𝑚𝜔𝜔𝑏𝑏 × 𝑣𝑣𝑏𝑏 + 𝑚𝑚𝑚𝑚𝑒𝑒𝑏𝑏 𝑒𝑒𝑏𝑏 = unit vector parallel to gravity= −𝑅𝑅𝑊𝑊𝑊𝑊
𝑇𝑇 𝑧𝑧𝑊𝑊

• 𝜏𝜏𝑏𝑏 = 𝐼𝐼𝑐𝑐𝑐𝑐𝑏𝑏 �̇�𝜔𝑏𝑏 + 𝜔𝜔𝑏𝑏 × 𝐼𝐼𝑐𝑐𝑐𝑐𝑏𝑏 𝜔𝜔𝑏𝑏

Where the force and torque on the quadrotor are given by:

• 𝑓𝑓𝑧𝑧𝑏𝑏

𝜏𝜏𝑏𝑏
=

𝑐𝑐𝑇𝑇 𝑐𝑐𝑇𝑇
0 𝑑𝑑𝑐𝑐𝑇𝑇

𝑐𝑐𝑇𝑇 𝑐𝑐𝑇𝑇
0 −𝑑𝑑𝑐𝑐𝑇𝑇

−𝑑𝑑𝑐𝑐𝑇𝑇 0
−𝑐𝑐𝑄𝑄 𝑐𝑐𝑄𝑄

𝑑𝑑𝑐𝑐𝑇𝑇 0
−𝑐𝑐𝑄𝑄 𝑐𝑐𝑄𝑄

Ω12

Ω22

Ω32

Ω42

• 𝑓𝑓𝑧𝑧𝑏𝑏

𝜏𝜏𝑏𝑏
= C Ω2
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𝑅𝑅𝑊𝑊𝑊𝑊 𝑝𝑝𝑊𝑊𝑊𝑊



Rigid Body Dynamics in Inertial frame (with frame center at CM) using hybrid velocites

• 𝑓𝑓
𝜏𝜏

=
𝑚𝑚𝐼𝐼3×3 0

0 𝐼𝐼𝑐𝑐𝑐𝑐𝑠𝑠
�̈�𝑝
�̇�𝜔𝑠𝑠 + 0

𝜔𝜔𝑠𝑠 × 𝐼𝐼𝑐𝑐𝑐𝑐𝑠𝑠 𝜔𝜔𝑠𝑠 + 𝑚𝑚𝑚𝑚 𝑒𝑒𝑧𝑧𝑠𝑠
0

• For quadrotor, 
• 𝑓𝑓 = 𝑅𝑅𝑊𝑊𝑊𝑊 𝑓𝑓𝑏𝑏 = 𝑅𝑅𝑊𝑊𝑊𝑊 ∑𝑖𝑖 𝑐𝑐𝑇𝑇Ω𝑖𝑖2 𝑧𝑧𝑏𝑏;    

• 𝜏𝜏 = 𝑅𝑅𝑊𝑊𝑊𝑊 𝜏𝜏𝑏𝑏 = 𝑅𝑅𝑊𝑊𝑊𝑊

𝑑𝑑 𝑐𝑐𝑇𝑇(Ω22 − Ω42)
𝑑𝑑 𝑐𝑐𝑇𝑇(Ω32 − Ω12)

𝑐𝑐𝑄𝑄(Ω22 − Ω12 + Ω42 − Ω32)

Rigid Body Dynamics (center of mass at position 𝑐𝑐) in hybrid velocities

• 𝑓𝑓
𝜏𝜏

=
𝑚𝑚𝐼𝐼3×3 −𝑚𝑚�̂�𝑐
+𝑚𝑚�̂�𝑐 𝐼𝐼𝑐𝑐𝑐𝑐𝑠𝑠 − 𝑚𝑚�̂�𝑐�̂�𝑐

�̈�𝑝
�̇�𝜔𝑠𝑠 + 𝑚𝑚𝜔𝜔𝑠𝑠 × 𝜔𝜔𝑠𝑠 × 𝑐𝑐

�𝜔𝜔𝑠𝑠 𝐼𝐼𝑐𝑐𝑐𝑐𝑠𝑠 − 𝑚𝑚�̂�𝑐�̂�𝑐 𝜔𝜔𝑠𝑠 + 𝑚𝑚𝑚𝑚 𝑒𝑒𝑧𝑧
𝑠𝑠

𝑐𝑐 × 𝑒𝑒𝑧𝑧𝑠𝑠





Basics of Quadrotor Control
Control can be roughly decoupled in to attitude control and position control

Attitude Control: let 𝑢𝑢𝜏𝜏 = 𝜏𝜏𝑥𝑥 𝜏𝜏𝑦𝑦 𝜏𝜏𝑧𝑧
𝑇𝑇

denote the vector of torques about the 3 principle axes

• Propose a PD control:    𝑢𝑢𝜏𝜏 = −𝐾𝐾𝑟𝑟 𝑒𝑒𝑟𝑟 − 𝐾𝐾𝜔𝜔 𝑒𝑒𝜔𝜔
• 𝑒𝑒𝜔𝜔 = 𝜔𝜔 − 𝜔𝜔𝑑𝑑

• 𝑒𝑒𝑟𝑟 = 1
2

𝑅𝑅𝑊𝑊𝑊𝑊
𝑑𝑑 𝑇𝑇𝑅𝑅𝑊𝑊𝑊𝑊 − 𝑅𝑅𝑊𝑊𝑊𝑊

𝑇𝑇 𝑅𝑅𝑊𝑊𝑊𝑊
𝑑𝑑

∨

• If we use roll, pitch, yaw angles (x-y-z Euler angles) 𝜙𝜙, 𝜃𝜃, 𝜓𝜓

• Linearize non-linear error measurement  about hover: 
0 −Δ𝜓𝜓 Δ𝜃𝜃
Δ𝜓𝜓 0 −Δ𝜙𝜙
−Δ𝜃𝜃 Δ𝜙𝜙 0

∨

=
Δ𝜙𝜙
Δ𝜃𝜃
Δ𝜓𝜓

• 𝑢𝑢𝜏𝜏 = −𝐾𝐾𝑟𝑟
Δ𝜙𝜙
Δ𝜃𝜃
Δ𝜓𝜓

− 𝐾𝐾𝜔𝜔
𝜔𝜔𝑥𝑥 − 𝜔𝜔𝑥𝑥𝑑𝑑

𝜔𝜔𝑦𝑦 − 𝜔𝜔𝑦𝑦𝑑𝑑

𝜔𝜔𝑧𝑧 − 𝜔𝜔𝑧𝑧𝑑𝑑

Position Control:  let 𝑢𝑢𝑓𝑓 denote the total thrust along the body-fixed z-axis

• 𝑢𝑢𝑓𝑓 = 𝑚𝑚 𝑧𝑧𝑏𝑏 ⋅ 𝑚𝑚 𝑧𝑧𝑠𝑠 + 𝑝𝑝𝑑𝑑 + 𝐾𝐾𝑣𝑣 𝑒𝑒𝑣𝑣 + 𝐾𝐾𝑝𝑝 𝑒𝑒𝑝𝑝 , where 𝑒𝑒𝑣𝑣 = (�̇�𝑝 − �̇�𝑝𝑑𝑑) and 𝑒𝑒𝑝𝑝 = (𝑝𝑝 − 𝑝𝑝𝑑𝑑)

Ω2 = 𝐶𝐶 −1 𝑢𝑢𝑓𝑓
𝑢𝑢𝜏𝜏
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