Weighted Line Fitting and Merging

Samuel T. Pfister*
February 27, 2004

1 Problem Formulation

1.1 Line Representation

Line L is defined by the magnitude R and orientation « of the- vector from the origin normal to the line.

1.2 Point Measurements

A measured point Vi, and the error &), between the point and line L(R,a) can be represented in the following ways:

1.2.1 Polar Form

with
0h =dpcos(a — @) — R (1)
— dy, cos Py,
p _
Vi = [ dy, sin ¢y, ] (2)

1.2.2 Cartesian Form

with
0p = di(cos(¢y) cos(a) + sin(¢y) sin(a)) — R
= zpcos(a) + ygsin(a) — R (3)
o= o ()
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1.3 Covariance of the Virtual Measurements

(assuming that the line coordinates R,a are known).

1.3.1 Polar
Let

€q = dy, — doy

where ¢4 is the error of the measurement dj. Similarly

€p = dr — dok

The virtual measurement with no error is defined as

0, = dorcos(a—dop) — R
= 0

For small €3, €4 we use the approximations:

siney ~ €4
coseg ~ 1

€p€q = 0

We can then represent the virtual measurement &7 as:

o = drcos(a—¢r) — R

1R

1

(dok + €q) cos(a — o, — €5) — R

(dok + €q)(cos(a — dor) cos(eg) + sin(a — gor) sin(eg)) — R

dor cos(a — dor) — R + €4 cos(a — dor) + doreg sin(a — dox) + €4€4 sin(a — dox)
0+ eqcos(a — ¢or) + doreg sin(a — ¢or) + 0

~  €qcos(a — ¢gor) + dor€g sin(a — ¢ox)

The virtual measurement dj, is assumed to be a zero-mean Gaussian process with

E{es} =

P
Fs.

E{0}, — dor} = E{0%}

E{eq} cos(a — dok) + dor E{eg } sin(a — ¢or) =0
E{eses } = E{6L6L"}

E{eqeq} cos?(a — ¢or) + E{e¢,e¢}d(2)k sin?(a — ¢or)
02 cos® (o — ¢or) + U;dgk sin?(a — ¢or)

(11)



1.3.2 Cartesian

Let
€x = Tk — X0k (13)

where €, is the error of the measurement xj. Similarly
€y = Yk — Yok (14)
The virtual measurement with no error is defined as

0 = ok cos(a) + yorsin(a) — R
0 (15)
For small ¢, €, we use the approximation:
€6y ~0 (16)
We can then represent the virtual measurement 4j, as:
0, = xpcos(a)+ ygsin(a

) -

= (@or + €;) cos(a) + (yOk +¢y)sin(a) - R

= o cos(a) + yor sin(a) — R + €, cos(a) + €, sin(a)
)

= €y cos(a) + €y sin(a (17)
The virtual measurement dy, is assumed to be a zero-mean Gaussian process with
Eles} = E{6; — &} = E{5;}
= FE{ey}cos(a) + E{ey}sin(a) =0
Fs, Efese; } = E{5;5;" }
= E{ese,} cos’(a) + E{e ey} sin®(a) + 2E{e e, } cos(a) sin(a)
= o2cos?(a) + 05 sin? (@) + 204, cos(a) sin(a) (18)
1.4 Determination of x?(L) cost function
In order to estimate the parameters R, a we have to minimize the quantity:
1.4.1 Polar
) N (67)2
L) = ) P’“
k=1 "0
N 2
_ Z (dg cos(a — ¢r) — R) (19)
= o7 cos?(a — dor) + 05dg, sin?(a — dox)
where R
b= [ ] )

is the unknown parameter vector.



1.4.2 Cartesian

(z1, cos(a) + yg sin(a) — R)?

= 21
i— o3 cos’(a) + o} sin?(@) + 20, cos(a) sin(a) 1)
where R
b= [7] -

is the unknown parameter vector.

~ [~ AT
If an initial estimate of L, L = [R @] is available, we can use it to minimize x?(L) in two iterative steps: (i)

for the displacement R given & and (ii) for the orientation displacement a given R, a.



2 Distance to Line Estimation

2.1 Minimization of y? with respect to R

Given an estimate of the heading to the line & , Egs. (19) and (21) can be written in terms of the unknown R.

2.1.1 Polar

2(p) = N (dh cos(@ = ¢u) ~ B)? _y- 8
X()_Zz 2(A — 2 12 _ZPP
i 04c0s?* (& — dok) + 04 dgy, sin 2(& — dor) = b,
In order to minimize Eq. (23) we have to set
NC(R) _
a(R) 0&
o (2(decos@—gn) =R) _
Z pP B <
k=1
N N
dy cos(& — @) R
> T Z 7 = 0e
k=1 = Fo
dy, cos(& — @) Mol
k — Pk
Z PP = R (Z P_p>
k=1 Ok k=1" 0Ok
. N dcon(au)
D k=1 ’“”3»? :
R= e
2kt BT
where, from Eq. (12)
Pg’k = 07 cos? (& — dox) + Ui,d(z)k sin?(& — ¢or,)
2.1.2 Cartesian
N N
) 2y, cos(@) + yy sin R)? 5)
R S N .
= o5 cos*(a) + oy sin®(&) + 20, cos(&) sin(& = b5,

In order to minimize Eq. (26) we have to set

N (R) _
om ~ 7
i( 2)(zg cos(@) + yrsin(&) — R) 0
= =4
- b
k=1 k
N N
xy cos(&) + yg sin(&) R
> e - 5 = 0¢
k=1 O k=1" 0k

N N N N
zp cos(q) + ypsin(a@)
PRI
k=1 k k=1

1
Py

or
ZN zy cos(&)+y sin(&)
k=1 P;.

N 1
S
k

R=

where, from Eq. (18)
P§, =03 cos®(a) + o sin®(&) + 204y cos() sin(&)

k

(23)



3 Heading to Line Estimation

3.1 Minimization of x? with respect to «

Given an estimate of the distance to the line R , Egs. (19) and (21) can be written in terms of the unknown

heading to line parameter a.

3.2 DPolar
N . N .
=3 (d cos(a — ¢u) = R)? _h ey
pt o3 cos?(a — gor) + azdgk sin? (o — dox) Pt Py
In order to minimize Eq. (29) we have to set
() _
da 0

Instead of directly computing the gradient of x%(a) with respect to a, we will calculate it as follows:

00*(@) _ 90 (@+da)) 0(6) _ O(x*(B)) 1 _ d(x*(dcr))

oa 0(0ar) oa  9(0a) a?&%) -~ 9(ba)
where we used the relation:
a=0a+0a=> 8_a =1
B 9(0a)

SO

N

X*(0) = x*(@ +5a) = 3 Ga(60)

k=0

with

(dy cos(@ + 6o — ¢y,) — R)?
03 cos? (@ + da — ¢p) + 0% di sin®(@ + do — o)

Gr(0a) =

Applying Taylor series approximation to G (da) we have:

Gr(6a) = G(0) + %le(o)éa + %G’,; (0)6a® + %G;' 0)6e® + ...
let
¢, = cos(@+da— o)
sy = sin(@+da — ¢p)
ap(6c) = (dycr — R)2
a;c (ba) = Bagéia) = —2dysk(dpcy — R)
a;; (ba) = % = 2d2s2 — 2dycr(dicy — R)
bp(6a) = oick + aédﬁsﬁ
b.(0a) = abg(gi‘)‘) = 2d20% — 02)cxsi
bi00) = TP~ a(diod — o - s
S0 24(0)
Gr(0) = b:(O)

(35)



and

¢ oon _ be(0)ay (0) — ax(0)b, (0)
G(0) 0,02 )
and
Gl = 2auOb0)(r(0)? +a, (0)(bk(0))” + 2ax ()b (0)(Bx(0)* = ax (0) (bx(0)); (0)
¢ (b:(0))"*

(@ b0 — ax ()b (0)) bi(0) — 2 (@, (016 (0) - ax (0)b;,(0)) b, (0) .

- G0 59)

X(60) = S {GH(0) + 3,61 (0)da + ;G (0)da + .Gy (0)6a° + .} (40)

Note: There is no approximation made up to this point. The previous equation is the complete analytical ex-
pression of the cost function. It is expressed as an infinite series of polynomial terms of the orientation estimation
error dca. In order to minimize this function we have to approximate it after considering a limited number of terms.

3.2.1 Second Order Approximation

0((2) | N~ ([ 21
eome I CHCIRS CACIED) (41)

Finally, by substituting the previous expression with Eq. (38) and Eq. (39) in Eq. (30) and solving for da we

have: N )
5o = — k=1 Gi(0) (42)

Yiey G1(0)



4 Covariance Estimation

Let the covariance for line L be defined as:

no= |

Prr  Pgq ]
PaR Paa

(43)

with distance to line covariance Prg, heading to line covariance P,, and cross-correlation covariance terms Pgr, =
P, derived in the following sections.

4.1 Distance to Line Estimate Covariance

To estimate R define the following:

where

and

4.1.1 Polar

with

From Eq. (24):

and therefore

R=

PRR = E{GRGE}

= (3 (Vg ) (Vyon ev)"))

k=1

I
M=

k=1

I
M=

k=1

Y =

€
PYkYk = E{fYkea} = E{|: ezk

k

gr(Y)

v;

Yn

((vgk gR) PYkYk (VYkgR))

]

] [ ean €o ]}

Zi\fZI dy cos(&— )

PP
Sk

gR:R:

Vi,9r =

Vd)k gr =

N 1
Ek:l PP
k

cos(&—o)
P

L T
POPEE =
j=1 PT.

J

d sin(ngqﬁk)

Sk
PO
k=j PP
J

((VﬂgR) Eev,ey } (VrﬂgR)T)

(44)



SO

with Pg’k defined in Eqn.

4.1.2 Cartesian

with

From Eq. (27):

and therefore

N
Prr = Z(V%g}z) Py.vi (Vy,9r)
k=1
N 2 Va.9r
o 0 k
= Z[ Va.9r | Vs, 9r :| |: Od 2 :| -
%9
k=1 Vng
N N
= Z(degR)zas + Z(Vm«,g}%)zo—;
k=1 k=1
N 005(1(3;050 2 N dk51n(a o) \ 2
_ S 2
= 2o it 7
k=1 \ Zk=1 PT =\ 2 pL
N cos(zlg(gz;g:k) disi(rﬁ’gd);gbk)
Sk 2 Sk 2
= og+ o
Pt N . 2 N ] 27 ¢
Zk:1 P_ka Zk:1 %
N ojcos’(6—or)+0o5dz sin®(G—or)
D=1 77 )
(=)
k
N
(=hr)
k
_ 1
N
(=)
k
(12)
Tk
Y, =
; [ U ]

Pyy, = E{GYkegk} = E{[ Co

€ys,

[Te e =] %

E T cos(a)—i—yk sin(&)
k=1

Py,
gr=R= S a
k=1 P;k
cos(&)
Veogn = —
z9R = Z:Nﬁ
7j=1 PJCJ-
sin(d&)
Vy9r =

"k
N 1
Lik—j P,

J

2
T

0

g

2
Yy

|

(51)

(52)



SO

N
Prr = Y (V¥.98) Pvvi (VvigR)
k=1
N 2 Vz gr
0 k
= Z[ vwkgR | vykgR ] [ UOE 2 :| -
k=1 Y Vy.9r

k=1 k=1
N cos(&) 2 N dr sin(&) 2
— Z B, Ud+z 5 2
= N N
k=1 k=1 P}k k=1 k=1 P}k
cos” (&) sin?(&)
_ i (P5)* o2 4 (P5)” o2
- 27z 27y
— N N
r=t (Ek:l p_ik> ( k=1 P} )
N o2 cos? (&)+o§ sin? (&)
k=1 (Ps)?
(=)
N
k=t %
— k
- T, N2
N
(Zk:l %)
k
_ 1
N
(=)
k
with P§ defined in Eqn. (18)
4.2 Heading to Line Estimate Covariance
dr,
Y. =
’ [ Pk ]
P,, = E{eaeg}
T
= E{(v§ga €Y) (Vgga 6Y) }
T
= (V¥9a) E{ever} (Viga)
= (V¥9a) Pry (Vyga)
From Eqgs. (38), (39), (42)
Jo = a=a+dx
N '
- H— 2 r=1 G (0)
N n
zk:l Gk (0)
N brag—axb,
_ a_ Zk:l ka();,;c)azk &
a N (a} bx—arb, )br—2(a),bx—axb} )b},
k=1 (K

10



where

@ = () = (dicos(@— gn) - R)® (60)
by = b(0) = o3cos*(@— ¢p) + a¢dk sin(a — ¢x) (61)

and @ is a constant (the current estimate of orientation computed in the last step of the ML algorithm) so

(Va. (Z,650)) (TG 0) = (1 650) (Vae (165 0))

Vd,cga = N 2
(6 0)
C ValG0) (T G 0) + (I 6 0) Va G50)
(22 ¢ 0)
LV G0) + SV GL0) (62
qu’v k k (G%)Z k k
where
7 N " N "
GT = ZG](O) ) GT = ZG] (0)
Similarly
Voo = — Vi (G (0 Cr v, 63
éfa =~ 6 (G (0)) + Gy o (G (0)) (63)
and From Eq. (58), substituting from Eqgs. (46), (62), (63):
N
Paa = Z (V;cga) PYkYk (vaga)
k=1
N 2 Vi, Ga
= 04 o
kZ::l[ Vigda | Vera | [ 0 o} ] V. g
N N
= Z(dega)zog + Z(V@ega)QO’;
k=1 k=1
- f: Ly @)+ v, o) 202
- Pt G” dy k (G’jlw)z dy k d
N a . 2
+y (- T Vm (Gr(0) + 5 V5, (G (0) | o} (64)
k=1 T (GT)

4.2.1 Complete G,(0) G, (0)
Omitting the index k we start from Eqs. (38), (39)

and

b3

11



with

¢ = cos(d—¢)
s = sin(a@—¢)
a = (de—R)?
o 0Oa(da) _ A
a = e = 2ds(dec — R)
"o 8*a(da) — 92,2 >
a = @) 2d°s® — 2dce(de — R)
b = o3+ a§d232
o 0b(6a) _ 2 2 2
b = o0 2(d*oy — og)cs
"o 9°b(da) _o(2 .2 2\ 2 2
we can calculate
/ _ 3G (0)
Vi@ ) = S5
o (ba b—Zab )
- T ad
_ (abg+azb—bag —bb3da)b —(ab—"ba)2bg (66)
/ _ 9@ (0)
VoG O) = 2
o (balb—Zabl)
= T
_ (a'by +ayb—bay —bya)b— (a'b— b a)2b, @)
b3
" a(G" (0
vac' o) = 20
5 ( (a”b—ab”)b—;(a’b—akb;)b’ >
= 5d (68)
” _ 9G(0)
Vi@ o) = 2o
5 ( (a"b—ab”)b—;(a'b—akb;)b' )
- 3 (69)

4.2.2 Approximate G, (0) G, (0)

Assume small errors such that |§] << |r|, i.e. the distance from a point to the line is small compared to the
distance from that point to the origin, where

0] = [r cos(a — ¢) — R|

12



— dy, cos
|r|=||V||=||[ ¢ ¢’“]||

g4 NN 9
W N = O

g
U
—_ — - D D O - =

(78)

(79)

dy, sin ¢y,
given
a (dec — R)? = 8% ~ O(6?)
a —2ds(dc — R) = —2ds(8) ~ O(dd)
aq 2¢(de — R) = 2¢6 ~ O(5)
azi —2s(de — R) — 2dsc = —25(8) — 2dsc ~ O(d)
b o5¢” + o4d’s® ~ O(d?)
b 2(d?0% — 03)es ~ O(d?)
by 204ds? ~ O(d)
b, Ado?cs ~ O(d)
it can be approximated that
a; >> a
a:i >> a
a:i >> aq
0
Va(E (0) = (a'bg+ayb—bag —bb3;a)b —(a'b—1b'a)2by
~ 3
~
b
with
. 0 (—2dsin(a — ¢)(d cos(a — ¢) — R))
da = ad
= —2dcos(a — ¢)sin(a — @) — 2(dcos(a — ¢) — R) sin(a — ¢)
= —2dcos(a — ¢)sin(a — @) — 20 sin(a — ¢)
~ —2dcos(a — ¢)sin(a — ¢)
Similarly
a, >> a
a;, >> a
a;, >> ag
s0
VoG () = 2
with
, 0 (—2dsin(a — ¢)(dcos(a — ¢) — R))
ag = 9
= —2d%sin*(a — ¢) + 2(dcos(a — ¢) — R)d cos(a — ¢)
= —2d%sin*(a — ¢) + 28dsin(a — @)

~  —2d%sin?(a — @)

13



From Egs. (38), (39) :

le(O) _ ba b—zab
and
. (a"b—ab")b-2(a'b—ab) b
Gi(0) = =
Consider Egs. (70) - (77) and
a = =2dc(dc— R) +2d%s® = —2dcs + 2d%s* ~ O(d?)

"

2(d2oé —03)(c? - 5%) ~ O(d?)
we can then show that
O(d?8) — O(d?5?)

GL(0) oy ~ 06/
" (0(d*) — O(d28%)) O(d?) — 2 (O(d?8) — O(d26)) O(d?)
Gi(0) ~ o)
~ 0(d/d)

$0

G, (0) >> G, (0) = Gy >> Gy
Gr_
(Gr)?
so from Egs. (78), (80), (81) and (87) we can approximate Eq. (64) as

= ~0

R
M =
~—~ a
ﬂQ:‘H

<

Gy
<«
=
N

(V]

N

Paa

1 L [ 2dg cos(a — ¢y sin(a — ¢y) 2
23 )

b
k=1 k

N 2
1 —2d2 sin” (o — ¢y,) 9
ram L (-2 3

Q
<D
[ V]

1
N .
_ 1 Z (4d§ sm2b(2a — or) (02 cos?(a — ¢y) + 02d2 sin?(a — ¢k)))
K

- (Moo, )

bi

<4d§ sin® (o — ¢k))
by,

_ 1 i Ad2 sin?(a — ¢)
(G7)? (07 cos®(a — ¢) + a5 d; sin?(a — ¢))

14



4.3 Cross-correlation Covariance

™ =

Pry = (V%cga) PYkYk (VYk gR)
k=1
N 2 Va,9r
0 k
= Z[ Vaga | Ver9a ] |: %d o2 ] - ]
k=1 Vo.9r

I
™=

N
(dega Ud degR + Z v¢kga Ud) V¢kgR)
k=1

(Zd) ( cos(z ) > i ) ( dy, Sinéa*d’k) )
k 2 k k

1" Ud + —_—

1 GT Zjv 1%, Zk j bL

_ 5 i(m a—i?sln(a—m)) ” (cos(o;k— m))

=~
Il
-

I
Mz

k

Gy (Zk =j b;
2d2 sin®(a — ¢) dy sin(a — ¢y,)
+ (—k b ) 0(225 (71% )]
N - .
= o (ZlN T ) Z (M) (afi cos?(a — ¢p) + U;di sin?(a — qbk))]
T k=35 b; | k=1 - k
B 1 N [2dy, sin(a — d)k)bk]
Gr (2, %) 21w
_ 1 N [2dy, sin(a — ¢k)]
Gr (Ellcvzj %) ; - i

15



5 Transforming Across Reference Frames

posei|

Consider Li and Lg found in scans taken at poses ¢ and j respectively.

; Rj . Rj
(3] e[

1 2

<.

Let g;; be an independent measurement of the robot’s pose j with respect to pose ¢ with :
9i5 =[5, Yij» Vg

5.1 Line Coordinate Transformation

posei

To transform the parameters of Ly from pose j to pose ¢ we calculate:
. Rt
Ho= [
_ [ R + @55 cos(ad + 7ij) + yij sin(ad + i)
a + i

16



SEa
-~
-~
-~
-~
~a
-~
-~
-
-~
-

e
~a
-~
-

posei

5.2 Line Covariance Transformation

Let the covariance of line Ly with respect to pose j be represented as in Eq. (43) :

j Prr  Pra ]
Pl = 91

L2 [ PaR Pyo ( )
In order to derive the proper reference frame transformations, we first augment Eq. (98)into a standard 3x3
position and orientation covariance matrix :

. Prr Prs Pra
Pi, = | Psr Pss Psa (92)
PaR PaS Paa
with S is oriented orthogonal to the R direction and thus parallel to the line. We can then apply a standard
reference frame transformation to Py, as follows:

Pi =HP] H” (93)
with
1 0 48
H = [0 1 -4R (94)
00 1
and
(55 = yijCOS(Clé)—.’L'ijSin(aé) (95)
R = xijcos(a§)+y,~jsin(a§) (96)

Where 65 is the pose displacement in the S direction and JR is the pose displacement in the R direction. Note
that the transformation matrix H does not include a rotation because the orientation of the RS coordinate frame
is fixed and defined by the line. It follows that :

Pi, = HP] H”
[1 0 68 Prr Prs Pgro 1 0 0
= 0 1 —-6R Psgp Pss Ps, 0 1 0
00 1 Par Pas Pao | | 68 —6R 1
[ Prgr + 26SPg,, + (65)2Paa Prg + Ps,6S — 6RPgry, — 0SORP,, Pgro + 6SP,,
= Prs + Ps,6S — RPgr, — 6SORP,, Psg — 26 RPs,, + (5R)2Paa Ps, —0RP,,
L PRa+5SPaa PSa_(SRPaa Paa

17



But because we have no information in the S direction we can drop the terms which we had previously inserted
and recover the transformed 2x2 covariance matrix as well as the corresponding transformation matrix B :

pi _ [ Prr+20SPro + (65)*Paa Pra +0SPaq (97)
Ly — Pro +0SP,, Pyo
_ [ 1 65 ][ Prr Pra 10
- 0 1 PaR Paa 65 1
S0 : i
Pi, = BP} BT (98)
with i (ot
B= [ (1) Yij cos(as) T @5 sin(as) ] (99)

5.3 Pose Covariance Transformation

pose i

The uncertainty in the pose displacement measurement §;; (represented by covariance matrix Pj;) must be
incorporated in the overall line covariance transformation. The line uncertainty from Eq. (98) can be combined
with the uncertainty of the pose displacement measurement by projecting P;; into the RS coordinate system. Let

Pzz sz me
Py = Pyz Py Pyy (100)
Py Py Py,

The matrix is rotated by —ad to align with the RS reference frame and the terms corresponding to the S direction
are dropped.

N 10 o0 cos(—ak) —sin(—ad) 0 cos(—ab) sin(—ad) 0 10
Fi= 1001 ] sin(—aj) cos(—a}) 0 | Py | —sin(—a}) cos(-a3) 0 | [0 0
- 0 0 1 0 0 1 01
. ; L cos(aé) 0
_ cos(()aQ) s’m(()aQ) (I)]Pij sin(al) 0
0 1
[ Puycos?®(ad) + 2cos(ad) sin(ad) Pyy + sin®(ad) Py, Py, cos(ad) + P, sin(ad)
| Py, cos(ab) + Py, sin(ad) Py
[ Prn P
_ RR 1Ry ] (101)
L P’yﬁ Py

18



SO
P! = KP;K" (102)

with

- cos(ad) sin(ad) 0
1

. . (103)

5.4 Combined Covariance Transformation

Therefore the covariance of line Ly with respect to pose j can be transformed into the coordinate frame of pose i
as follows:

“'Pi, = Pl +P;
BP} B* + KPVK" (104)

with B and K from Egs. (99) and (103).
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6 Line Merging

To determine whether a given pair of lines are sufficiently similar to warrant merging, we apply a criterion based
on the chi-squared test. The coordinates and covariance matrices of the two lines as found by our line fitting
algorithm are first represented with respect to a common pose i. We then apply the chi-squared test to determine
if the difference between two lines is within the 3 sigma deviance threshold defined by the combined uncertainties
of the lines. The merge criterion is

= (L)'(P}, +P},) '6L <3 (105)
with ) )
5L = R — Ry
o — a5

We can derive the final merged line estimate using a maximum likelihood formulation with the necessary condition
for most likely line L,, as follows:

oM
N
= S Lk = L) (BE) " (Lk = L) (107)
k=1
In order to minimize Eq. (107) we have to set
OM (L)
3(Lm) 0e
N
> PHT Lk —Lp) = 0&
k=1
N N
S (PHT ) = (Z(Pf)_l> Lm &
k=1 k=1
N -1'n
L= (sz)l) S (1)
k=1 k=1
L, = P ((Pi)'Li+(Pi,) *L}) (108)
Pl = (B +@,) N (109)
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