CDS 101/110: Lecture 3.3
Some Details on Linear Systems

Goals for Today:

 Review Convolution Integral (again!): board notes
e Sampled Data Sytems

e Cart-Pendulum problem

Reading:
e Astrém and Murray, FBS-2e, Ch. 6.4 (assuming you read 6.1-6.3)



' Linear Discrete Time Control Systems

Basic Form of Linear Discrete-Time control system. tx4; —t; = dt

'\

— x(t = tgyq) = A x(t = t) + Bu(t = ty);
y(t =t,) =Cex(t =t) +D_ku(t =ty)
- Xg41 = AgXp + Bruy; Vi = CpXxg + Dy

— x|k + 1] = Ax|k] + Bu|k]; yl|k] = Cx[k] + Dulk]

J
Sampled Data System (using Convolution Integral)
o x(t+dt) =e4Ux(t) + ftHdt eAlt+dt=1) By (1) = dx(t) + T'u(t)
N

—_P = eAdt
. LTI  Must make
—T = (fo FeAs ds) B=A"1(e4 —1)B ) Assumption
/' about u (1)
Assumes zero- If A invertible

order hold
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\%U Linear Discrete Time Control Systems

Inverse between sampled/continuous time representations (LTI)

dt -1
—A=ilog(¢); B=(f0 eASdS) r

Stability: x,,1 = Axy
o x; =Axy; x, =Ax; = A%xy; -+ ; x, = A,
e lim,,,,A"x, =0 if p(4) <1, where

p(A) = max{|A|: 1 is an eigenvalue of A}



(M 4+ m)i + mlcosff = —bi + misin 6% + f
(J + le)é" + mlcosfr = —mglsin g

* State: x,0,x.,0

* Input: u=F

 Qutput: y =X

 Linearize according to previous
formula around \ =0

0 0 1 0 0
E3 0 0 0 1 0
d o m?gl? —(J 4+ ml?)b 0 J 4+ mi2
dt || J(M +m) + Mmi2 J(M+m) + Mmi2 | %\ 7001 +m) + vmiz | ©
0 mgl(M + m) —mlb ml
0
J(M +m)+ Mmi2 J(M+m)+ Mmi2 | J(M +m) + Mmi2

yz[_l 0 0 o]q,-



Example: Electrical Circuit
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“Bridged Tee Circuit”

* Derivation based on Kirchoff’s laws for electrical circuits (Ph 2)

— Sum of currents at nodes = 0:

%=V1_V2_V2_V3 C d(V3_V1)=_V3_V2
‘dt R R, P dt R,

— Rewrite in terms of new states: V.;1=V,, V.,=V3— V4
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d [v _C(R+R) CR.|[v L,
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