
CDS 101/110: Lecture 3.3
Some Details on Linear Systems

Goals for Today:
• Review Convolution Integral (again!): board notes
• Sampled Data Sytems
• Cart-Pendulum problem

Reading: 
• Åström and Murray, FBS-2e, Ch. 6.4 (assuming you read 6.1-6.3)
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Linear Discrete Time Control Systems

Basic Form of Linear Discrete-Time control system.
– 𝑥𝑥 𝑡𝑡 = 𝑡𝑡𝑘𝑘+1 = 𝐴𝐴𝑘𝑘 𝑥𝑥 𝑡𝑡 = 𝑡𝑡𝑘𝑘 + 𝐵𝐵𝑘𝑘𝑢𝑢 𝑡𝑡 = 𝑡𝑡𝑘𝑘 ;  
𝑦𝑦 𝑡𝑡 = 𝑡𝑡𝑘𝑘 = 𝐶𝐶𝑘𝑘𝑥𝑥 𝑡𝑡 = 𝑡𝑡𝑘𝑘 + 𝐷𝐷_𝑘𝑘 𝑢𝑢(𝑡𝑡 = 𝑡𝑡𝑘𝑘)

– 𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘 + 𝐵𝐵𝑘𝑘𝑢𝑢𝑘𝑘;          𝑦𝑦𝑘𝑘 = 𝐶𝐶𝑘𝑘𝑥𝑥𝑘𝑘 + 𝐷𝐷𝑘𝑘𝑢𝑢𝑘𝑘
– 𝑥𝑥 𝑘𝑘 + 1 = 𝐴𝐴𝑥𝑥 𝑘𝑘 + 𝐵𝐵𝑢𝑢 𝑘𝑘 ; 𝑦𝑦 𝑘𝑘 = 𝐶𝐶𝑥𝑥 𝑘𝑘 + 𝐷𝐷𝑢𝑢[𝑘𝑘]

Sampled Data System (using Convolution Integral)

• 𝑥𝑥 𝑡𝑡 + 𝑑𝑑𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝐴𝐴𝑥𝑥 𝑡𝑡 + ∫𝐴𝐴
𝐴𝐴+𝐴𝐴𝐴𝐴 𝑒𝑒𝐴𝐴 𝐴𝐴+𝐴𝐴𝐴𝐴−𝜏𝜏 𝐵𝐵𝑢𝑢 𝜏𝜏 = Φ𝑥𝑥 𝑡𝑡 + Γ𝑢𝑢(𝑡𝑡)

–Φ = e𝐴𝐴𝐴𝐴𝐴𝐴

–Γ = ∫0
𝐴𝐴𝐴𝐴 𝑒𝑒𝐴𝐴𝐴𝐴 𝑑𝑑𝑑𝑑 𝐵𝐵 = 𝐴𝐴−1 𝑒𝑒𝐴𝐴𝐴𝐴𝐴𝐴 − 𝐼𝐼 𝐵𝐵
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Linear Discrete Time Control Systems

Inverse between sampled/continuous time representations (LTI)

– 𝐴𝐴 = 1
𝐴𝐴𝐴𝐴

log(Φ) ;         𝐵𝐵 = ∫0
𝐴𝐴𝐴𝐴 𝑒𝑒𝐴𝐴𝐴𝐴 𝑑𝑑𝑑𝑑

−1
Γ

Stability:    𝑥𝑥𝑘𝑘+1 = 𝐴𝐴𝑥𝑥𝑘𝑘
• 𝑥𝑥1 = 𝐴𝐴𝑥𝑥0;       𝑥𝑥2 = 𝐴𝐴𝑥𝑥1 = 𝐴𝐴2𝑥𝑥0;    ⋯ ;    𝑥𝑥𝑛𝑛 = 𝐴𝐴𝑛𝑛𝑥𝑥0

• lim𝑛𝑛→∞ 𝐴𝐴𝑛𝑛𝑥𝑥𝑜𝑜 = 0 if  𝜌𝜌 𝐴𝐴 < 1, where 

𝜌𝜌 𝐴𝐴 = 𝑚𝑚𝑚𝑚𝑥𝑥 𝜆𝜆 : 𝜆𝜆 𝑖𝑖𝑑𝑑 𝑚𝑚𝑎𝑎 𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒𝑎𝑎𝑒𝑒𝑚𝑚𝑒𝑒𝑢𝑢𝑒𝑒 𝑜𝑜𝑜𝑜 𝐴𝐴
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Example: Inverted Pendulum on a Cart

 State:
 Input: u = F
 Output: y = x
 Linearize according to previous 

formula around  = 0f

x
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Example: Electrical Circuit

• Derivation based on Kirchoff’s laws for electrical circuits (Ph 2)
– Sum of currents at nodes = 0:

– Rewrite in terms of new states: vc1=v2, vc2=v3 – v1
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